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1 Introduction

In this course we will learn how to analyze and compare performance measures of stochastic processing networks
(SPN). An SPN is a system that receives job requests and has servers that complete them. Typically, the interarrival
and processing times are random variables (thus the name stochastic). The most simple example of an SPN is a
single-server queue. In a single-server queue, jobs arrive and they wait in line until the only server can process
them. After being processed, they leave the system. In the diagram of Figure 1, the open rectangle represents the
waiting area and the circle represents the server.
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Figure 1: A single-server queue.

More complex systems involve a single queue with multiple servers, multiple single-server queues that depend
on each other, and networks of queues. Diagrams of such systems are shown on Figure 2.
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(¢) A network of single-server queues.

Figure 2: Examples of queues.

In Figure 2a there is a single stream of arrivals, and all the jobs wait in the same line. There are four servers,
and each of them takes the next job in line whenever is idle. In Figure 2b there are four queues, and there is a
single stream of arrivals. Upon arrival, the jobs are routed to one of the queues, where they wait in line until the
corresponding server processes them. The routing decision can be made by the jobs or a centralized router. This
system is also known as the supermarket-checkout system. In Figure 2¢ we have multiple single-server queues.
Some of them receive external jobs, and some of them receive the jobs that another server finished processing. For
example, Server 1 receives external arrivals and, whenever a job is completed, it goes to Server 3. The arrivals to
Server 3 come from Servers 1 and 2, and after being processed, some jobs leave the system and some join the queue
of Server 5. I invite you to think of situations where you have been in the waiting room of each of these examples.



Some classical settings where one uses SPN’s analysis are healthcare systems, manufacturing, data centers, and
call centers.

Our ultimate goal this semester is to analyze the waiting time of these systems, and many more. We are
interested in performance measures such as mean queue length, mean waiting time, their variance and distribution.
Understanding these measures will allow us to answer questions such as, how many servers we need to always keep
a queue of less than 2 people? What server is the bottleneck? What can we do to decrease the waiting times?

It is very hard to model the inter-arrival and service times with a single function if we want to keep the analysis
realistic. Hence, we adopt stochastic (i.e. probabilistic) models for the arrivals and departure processes. In other
words, the inter-arrival and service times are random variables. Due to the probabilistic behavior of the arrivals
and departures, the queue lengths and waiting times are complex objects. To analyze them properly, we will start
the semester reviewing some basic concepts on probability and then we will spend some time learning about some
models that can be used to represent queues. Towards the second half of the semester we will be in good shape to
analyze the SPNs described above, and compare our theoretical analysis with simulations.



2 Review of Probability

[This section is based on Chapters 1, 2 and 3 of the textbook]

Since we are dealing with random variables, we will start with a quick review of probability. We start with the
most basic definitions, and we will build our way up to conditional probability and expectation.

2.1 Basic definitions

Dealing with randomness means that we do not know certainly what outcome we will get from an experiment.
However, most of the time we know the set of possible outcomes.

Definition 2.1. Consider any probabilistic experiment.
(i) The set of all possible outcomes of an experiment is called sample space, and we denote it with S.

(i) Any subset of the sample space S is known as an event. We usually denote events by capital letters from the
first half of the alphabet.

For example, if we are flipping a coin, the state space is S = {Heads, Tails} and an event could be E = {Heads},
i.e., that we get heads after flipping it.

Now, if we are flipping two coins, we need to consider both coins when we define the sample space. Then, using
H for heads and T for tails, we obtain S = {HH, HT, TH, TT}. The events can be described as an explicit subset
of 8, such as E = {HT, TH} or in words. For example, we can say that E is the event where the outcomes of the
coins are different. They are equivalent ways to describe events. In the next example, we present an alternative
way to define the sample space.

Example 2.1. Suppose you are rolling 2 dice, and you want to see if the outcomes are the same. Define the sample
space and the event described.

Solution. The sample space is the set of two-dimensional vectors/arrays where each element is an integer
number from 1 to 6. Listing all the possibilities can be boring, so let’s describe this set as follows:

S={ij: i,j€{1,2,3,4,5,6}}.

Observe that the sample space has 62 = 36 elements, and each of them has the same probability, which equals
1/36.
The event “all the outcomes are the same” can be described as follows:

E={ije8: i=j}=/{11,22,33,44,55,66}.

O

Intuitively, we already know that the probability of an event E corresponds to the proportion of time E occurs

if we repeat the experiment over and over again. Below we give a more formal definition, that captures the same
intuition.

Definition 2.2. For each event E of the sample space S, consider a function P[E] that satisfies the following
properties:

(i) 0<PE] <1
(ii) P[S] =1

(iii) For any sequence of events Ey, Es, ... that are mutually exclusive, that is, that satisfy E; N E; = 0 for any
1 # J, we have

P

UEi = ZP[Ei]

We refer to P[E] as the probability of the event E.



We will now list some important properties of probability without proof.
Proposition 2.1. Consider two events E,F C S. Then,
(i) P[0] =0
(ii) Let E€ be the complement of E, i.e., E°=S\ E. Then, P[E‘] =1—P[E]
(iii) PIEUF] =P[E]|+P[F]-P[ENF]

Actually, there are known formulas for the probability of the union of finitely many events, but the expression
is not nice to see, so we will skip it. You can find it in Eq. 1.4 of the textbook.

Sometimes, computing the probability of an event is very difficult. However, the computation might be simpler
if we have access to some partial information, or to some information that is related to the event. To make use of
this extra information, we condition. For example, suppose we are rolling a two dice and we are interested in the
probability that the sum of the outcomes is 6. Call A the event that the sum is 6, B; the event that the outcome
of the first die is ¢ and C; the event that the outcome of the second die is i, for ¢ € {1,2,3,4,5,6}. Then, it is easy
to see that

IP[A]ZP[BlﬁC%]—FP[BQﬂC;d+P[B3003]+P[B4ﬂ02]+P[B5ﬂOl]
_ 5
36

Suppose now that we already rolled the first die and we got a 4. What is the probability that the sum of
both outcomes is 67 In this case, since we already know that the outcome of the first die is 4, we have that
P[A'] = P[Cs] = 1/6, where A’ denotes that the sum is 6 given that the first die gave a 4.

The difference between both experiments is the amount of certain information that we have. In the first case,
we did not know anything about the outcome of the dice, whereas in the second case we already know the outcome
of the first die. The formal way to deal with these situations is with conditional probability, which is one of the
most important we will see in this class. We start with the definition.

(since all the events above have probability 1/36)

Definition 2.3. Consider the events E,F C S, where P[F| # 0. Then, the probability of E conditioned on F,
denoted by P[E|F], is defined as

P[EN F]

PIEIF) = ~pm

We may also say that P [E|F] is the probability of E given F.

Using this definition in the second case of the example above, we have that if the outcome of the first die is 4,
the probability of getting the sum of the outcomes equal 6 is
P[ANBy P[ByNCy] 1/36 1

Pl = P[Bs P[BJ  1/6 6

Before we go to the next topic, let’s do some examples.

Example 2.2. [Ezample 1.7 from the textbook] Suppose an urn contains 7 black balls and 5 while balls. We draw
2 balls from the urn without replacement. Assuming that each ball in the urn is equally likely to be drawn, what is
the probability that both balls are black?

Solution. Since we are drawing the balls without replacement, the color of the first ball influences the proba-
bility of the second ball being black. Hence, we condition. Let A, B be the events of the first and second ball being
black, respectively. Then, we want to compute P [A N B]. We use conditional probability as follows:

7 6 42
P[ANB]=P[A]P[B|A] = ITRETES 139"
O

Example 2.3 (Example 1.8 from the textbook). Suppose that each of 3 people at a party throws their hat into the
center of the room. The hats are first mized up and then each person randomly selects a hat. What is the probability
that none of them gets their own hat?



Solution. In this example we see that, sometimes, it is easier to compute the probability of the complement
of the desired event. None of them getting their hat is very difficult because we need to condition on each of
them getting a hat and making sure that the last hat is not owned by the last person to pick. Nonetheless, the
complementary event to “none of them getting their hat” is “at least one of them gets their hat”, and it is easier
to deal with. Let A; be the event that the i*" person gets their own hat. Then, we do

P [none of them getting their hat] =1 — P [A; U Ay U A3].
Using the definition of the probability of the union of two events and grouping A; U A5 as a single event, we obtain

P[A; U As U Ag] = P[(A1 U Ag) U Ag]
=P [4’11 U /12] +P [A3] —

@ pa]+P[Ay) — P[A; N As] +P[As] —
QA+ P[4s] — P[A, N Ay] + P[A5]
YD P[A)] +P[As] + P[As] — P[A; N As] — P[A, N As] — P[As N Az] + P[A; N Ay N As]

where (a) holds after expanding P [A; U A,] and using the ;(b)
holds after using the ; and (c) holds after reorganizing terms. We
now compute each of the terms.

Since each of the three people are equal, and the first person selects each hat with the same probability, we
obtain that for each i € {1,2,3}

To compute the intersections we use the definition of conditional probability. Again, since the three people are
indistinguishable, we obtain that for any pair ¢,j € {1,2,3} with ¢ # j we have
1 1 1
]P)[Al ﬂAJ] = IP[AZ]]P)[A”AZ] = - X - ==,
3 2 6
where the 1/2 comes because the condition on A; implies that the first person who picked a hat got theirs. Then,
out of the two remaining hats, one corresponds to person j and one does not. Since they pick hats at random, the
probability of the second person getting the right hat given that the first person did, is 1/2.
Similarly to the intersection of two events, we compute the intersection of the three events using conditional
probability. In this case, we obtain
1 1
]P[Al ﬂAgﬂAg] :]P[Al ﬂAQ]]P)[AdlAl ﬂAQ] = 6 x 1= 6,
where we know that P [A3|A; N As] = 1 because there are only 3 hats. Then, if the first two people got their own
hat, the only remaining hat is the one corresponding to the third person.
Then,

1 1 1
P[A; UAs U A3z] = = — =+ = .
[1U 2 U 3] 3><3 3X6+6 6 3
Hence, the probability that nobody gets their hat is

1
P [none of them getting their hat] = 3

O

We saw two examples where we directly applied the definition of conditional probability to facilitate computing
the probability of certain events. Let’s get back to our example of rolling two dice and consider a small variation.
If now we know that the sum of the outcomes is 6, what is the probability that the outcome of the first die was a
47?7 Observe that, now, we know that the sum is 6 and the random variable is the outcome of the first die, whereas
before we knew the outcome of the first die and the random variable was the sum of both outcomes. In some sense,
we flipped the situation. For these cases, we use the following proposition, known as Bayes’ formula.



Proposition 2.2. [Bayes’ formula] Let E,F C S be events with P[E] # 0 and P [F] # 0. Then,

PE|F]P[F]

PIFIE] = =

Observe that Bayes’ formula requires that we know how to compute P[E]. We may know its value from the
context, or we may need to condition on another event. In the second case, we use the law of total probability,
which we state in the next proposition.

Proposition 2.3. Suppose Fi, Fs, ..., F, are mutually exclusive events, that is, for everyi # j we have F;NF; = ().
Additionally, U?Zl F; =S§. In other words, exactly one of the events F1, Fs, ..., F, will occur. Then,

PE] = ZP[EQ E]= ZP[E|FZ]P[FJ :
i=1 i=1
Let’s get back to our example. Using both propositions we can compute the probability that the outcome of

the first die was a 4 given that the sum was 67 Recall that B, represents that the outcome of the first die is 4, and
A represents that the sum of both outcomes is 6. Then, we have

P[A|B4]P|B
P [By|4] = W (using Bayes’ formula)
1 1
= 1/6 % 1/6 (using our previous computations)
5/36
_1
=z

In this case, a simple application of Bayes’ formula gave us the answer because we already knew the value of P[A]
from before. Let’s see an example where we compute the denominator from Bayes’ formula using the law of total
probability.

Example 2.4 (Example 1.13 from the textbook). In answering a question on a multiple-choice test, Eric either
knows the answer or guesses. Let p be the probability that he knows the answer and 1 — p the probability that he
guesses. Assume that a student who guesses al the answer will be correct with probability 1/m, where m is the
number of multiple-choice alternatives. What is the conditional probability that Eric knew the answer to a question
given that he answered it correctly?

Solution. In this example we also use the “flipping” intuition behind Bayes’ formula because we know the
probability of getting the right answer given that we know the answer (which is 1), and we are asked to compute
the probability that we knew given that we have the right answer.

Let K be the event that Eric knew the answer and C the event that he answered correctly. Then, we obtain

P|CIK|P|K
P[K|C] = [C!P[]C][] (using Bayes’ formula)
1xp . . -
=P ] (since he knows the answer with probability p)
=5 CIKPIE] +p FOIKIP[K] (using the law of total probability)
_ p
~ Ixp+(1/m)x (1—-p)
_ mp
1+ (m—1)p

O

Bayes’ formula and the law of total probability are extremely important results because they help us compute

probabilities using information from other events. In other words, they help us to deal with randomness by adding

some partial information that we may have. Additionally, they help us to deal with events that involve multiple
random variables, as we shall see later in the semester.

The last concept we will review before moving on to studying random variables is independence, which we define
below.



Definition 2.4. Two events E and F are said to be independent if
P[ENF]=P[E|P[F].
Equivalently, we can say that two events are independent if
P[E|F] =P[E].

Intuitively, the definition of independence means that one event does not affect the other one. From the definition
using conditional probability (second definition above), we intuitively can say that the occurrence of the event F
does not affect the probability of E.

Let’s go back to our example of rolling two dice and computing the probability of the sum of the outcomes being
6. Recall that the probability that the sum of the outcomes being 6 changes if we know that the first outcome is
4. Then, intuitively, the two events should not be independent. Let’s see what happens with the first definition of
independence above.

Recall that A is the event that the sum of the outcomes is 6 and By is the event that the outcome of the first
die is 4. Then,

1
and
5 1 1

Hence, A and B, are not independent events.
Now let’s see a small variation of the problem. Let A; be the event that the sum of the outcomes of the dice is
7. Is A7 independent of B;? Let’s see! We have

1
PlA; N By = —
[A7 N By %6
because A7 N By implies that the first outcome is 4 and the second one is 3. Then, only 1 out of the 36 possibilities
for the outcome of both dice is a success.
To compute the product of the probability of both events we start computing P[A7]. Recall that B;, C; are the
events that the outcome of the first and second die is 7, respectively. Then,

6
P[A7] =) P[BiNCri]
i=1
6
= ZIP’ [B;]P[C7—,] (since the outcome of each die is independent of the other one)
i=1
11
= — X —
6 6
i=1
1
=
Then,
P[A]P[B]—lxl—i—P[A N By|
7 =5 X67 36" 7N By].

Hence, the events are independent! Why? This result is very counter-intuitive! The main difference between these
cases is that when the sum of the outcomes is 6, none of the outcomes can be 6. In other words, if the first die
shows a 6 we know that we cannot get a success. However, when the sum has to be 7, all the outcomes of the first
die can lead to a success.



2.2 Random variables and well-known distributions
Let’s start with a definition of random variable.

Definition 2.5. A random variable is a real-valued function of the outcomes of an experiment. We typically use
capital letters from the last third of the alphabet to denote random variables, and lower case letters for their values.

Then, we assign probabilities to their possible values and we can make tons of computations with them. An
essential property of random variables is that the sum of the probabilities of all of their outcomes must always be
1. Let’s see some examples.

Example 2.5 (Example 2.3 from the textbook). Suppose that we repeteadly toss a coin having probability p of
coming up heads until the first head appears. Let N be the number of flips required assuming that the outcome of
successive flips are independent. Then, N is a random variable taking on one of the values 1,2,3, ..., i.e., positive
integer values.

The event {N = n} means that the random variable N takes the value n, and for different values of n has the
following probability:

PIN=1]=p (heads on the first flip)
PIN=2]=(1-p)p (first flip tails and second, heads)
P[N =3]=(1-p)?* (first two flips tails, and last one, heads)

PIN=n]=(1-p)" 'p (first n — 1 flips tails, and last one, heads)
Observe that

o o0
PN =n] =3 (1-p)"Ip
n=1 i=1
P (solving the geometric series)
1-(1-p)
=1

Example 2.6 (Example 2.4 from the textbook). Suppose that we are interested in knowing whether or not a battery
will last two more years. We can define a random variable I as follows:

I— {1 if the battery lasts at least two more years

0 otherwise.

Then, we may compute P[I = 1]. If we use E to denote the event that the battery lasts two more years, the random
variable I is known as indicator function of E and we will denote it as 1{py.

All the examples we have studied include random variables taking nonnegative integer values. However, in
general, random variables can take any real number. Depending on the possible values that random variables take,
we can classify them in two.

Definition 2.6. Consider a random variable X.

(a) If X takes values on a finite or countable set, such as Z (the set of integer numbers) or a subset, we say that
X is a discrete random variable.

(b) If X takes values on a continuum of possible values, such as R, we say that X is a continuous random variable.

For example, the variable I defined above, which represents whether a battery lasts for at least two more years,
is a discrete random variable. The actual lifetime of the battery is a continuous random variables.
For both, discrete and continuous random variables, we can define the cumulative distribution function.

Definition 2.7. The cumulative distribution function (cdf) of a random variable X is defined as a function F :
R — [0,1] and for any number x € R takes the value

F(z) 2P[X <],

and denotes the probability that the random variable X takes a value that is less than or equal to x.

10



We list some properties of the cdf below.
Proposition 2.4. For any value x € R the cdf satisfies the following properties:
(i) F(x) is nondecreasing with respect to x
(1) wli)ngo F(z) = F(o0) =1
(i) xEI—noc F(z)=F(—00)=0
(iv) For any a,b € R with a < b we have

Pla < X <b] = F(b) — F(a)

The cdf gives us the probability that X < z or X € [a,b], but how can we compute the probability that a
random variable takes a specific value x? In other words, how do we compute P[X = z]? The truth is that the
event {X = x} only makes sense for discrete random variables. If X is a continuous random variable, we always
have P[X = z] = 0. For example, if we are thinking of the lifetime of a battery, what is the probability that it
exactly lasts 2 years? Not 2 years and one second; exactly 2 years. It is actually 0! Even though we cannot compute
P[X = z] for continuous random variables, we can still associate a function that tells us the probability that the
random variable takes a value in a small interval (x — €, + ¢).

The discussion above motivates the following definitions.

Definition 2.8. Let X be a random variable with cdf F(x).

(a) If X is a discrete random variable, the probability mass function (pmf) of X is p(z) = P[X =z, and if X
takes values on the countable set X we have

Fx)= Y plx)

yeX:y<w

(b) For continuous random variables, there exists a nonnegative function f : R — [0, 1] known as the probability density
function (pdf), having the property that for any set B C R,

P[X € B] :/Bf(a:)dx.

The relationship between the pdf and cdf of a continuous random variable is expressed by

d

F(z) = / fd & fa)

Random variables are often described by their distribution. Later we list some of the most frequently used
distributions.

2.3 Expected value, variance and covariance

Both the cdf and pdf/pmf have all the information about the random variable. If we know any of these functions
we can completely characterize our random variable. However, sometimes the distribution is difficult to interpret.
Instead, we would like to know some “summarizing information”, such as the average behavior or the variability.
Below we define the expected value and variance, which provide this information.

Definition 2.9. The expected value, or mean, of a random variable X is denoted by E [X] and is defined as follows.

(a) If X is a discrete random variable taking values on the countable set X with pmf p(x), we have

E [X] 2 Z xp(x).

reX

11



(b) If X is a continuous random variable with pdf f(z), we have
E [X] 2 / xf(x)de.
R

Sometimes, the pdf/pmf of a random variable has a complicated expression, and the cdf is easier to compute.
In such cases, we may compute the expected value using the following proposition.

Proposition 2.5. Let X be a random variable with cdf F(x). Then,
(a) If X is a discrete random variable taking values on X, we have

EX]= Y [-F@]- > Fl)

TEXNR4 zEXNR_

(b) If X is a continuous random variable, then
00 0
E[X] = / [1— F(x)] dz — / F(z)dx.

0 —o00
A very cool property of the expected value is that it is a linear function. Below we state this property formally.

Proposition 2.6. Consider two numbers (not random) a,b € R. Then,

E[aX 4 b] = aE [X] + .

Linearity of expectation is a very simple property, but it is extremely useful. Let’s solve an example to show it.

Example 2.7 (Example 2.31 from the textbook). Suppose there are 25 types of coupons and suppose that each
time one obtains a coupon, it is equally likely to be any of the 25 types. Compute the expected number of different
types of coupons that are contained in a set of 10 coupons.

Solution. Let X denote the number of different types of coupons in the set of 10 coupons. We want to compute
E [X]. To do that, define

X — 1 if at least one type @ coupon is in the set of 10
“]0 ifnot

In other words, X; is the indicator function of the coupon i being present in the set of 10. Then,
25
X = Z X;.
i=1
Therefore,
25
E[X]=) E[X].
i=1

We compute E [X;]. Since X; is a discrete random variable that takes 0-1 values, we have
E[Xi] =P[X; = 1]
=1-P[X; =0

10
®,_ (2 ’
25

where (x) holds because X; = 0 if none of the 10 coupons are of type i. Since there are 25 coupons and every
coupon has the same probability to appear, the probability that the first coupon is not type i is 24/25. Similarly
for the second, third, ..., up to the tenth coupon. Since the coupons are independent, we obtain that the probability
that coupon i did not show up in the 10 coupons selected is (24/25)°. O

We may also be interested in the expected value of a function of the random variable X, say g(X). Since g(X)
is also a random variable, we may compute its cdf or pmf/pdf and then compute E [¢(X)] using the definition or
Proposition 2.5. Luckily, there is an easier way to compute E [g(X)].

The property described in Proposition 2.7 is called law of the unconscious statistician (LOTUS), and it is
extremely useful. So keep it in mind (and in your cheat sheet!).

12



Proposition 2.7. Consider a random variable X and a real-valued function g(X) defined on the set of possible
outcomes of X.

(a) If X is a discrete random variable taking values on X, with pmf p(x), we have

E[g(X)] = g(a)p().

reX

(b) If X is a continuous random variable with pdf f(x), then

E[g(X)] = / o(2)f () dz.

R

A very important function of the random variables to consider is g(X) = (X — E[X]) because it measures the
deviation from the mean of the random variable X. The expected value of this particular function of X is called
the variance, and we formally define it below.

Definition 2.10. Consider a random variable X. The variance of X is defined as
A 2] _ 2 2
Var[X] £ E [(X—]E[X]) } = E[X2] - (E[X])%.

Even though the variance is not a linear function of the random variable, it is still easy to deal with the variance
of linear combinations of the random variable.

Proposition 2.8. Let a,b € R. Then,
Var[aX +b] = a* Var[X].
To remember this proposition, recall that the variance is related to the square of the random variable (hence,

we pull out an a?) and to the deviation of the random variable with respect to the mean. Hence, since constants
do not deviate from their mean (E [b] = b), the variance of a constant is 0.

Some discrete distributions

Name Example Support pmf p(x) cdf F(x) Mean | Variance
. Success/Failure exper- p(1)=p 0 ifx <0
Bernoulli(p) iment / P {0,1} (success) . p p(1-p)
imen 1—-p if0<z<1
and p(0) = 1 - p |
(failure) 1 ifz>1.
Binomial(n, p) Sir;l;;z;iilgsccesses m {0,1,...,n}| (1)p*(1 —p)"~* | Difficult expression | np np(1—p)
Number of failures (or . — 1—p
Geometric(p) | trials) until first suc- {0, }’ ?’ cep [ (= p)lgl 1—(1-p) » 1-p
cess {1=2v3~"'} (1 7[)) p 1- <1 71)>I 1 p?
p
1 1 -\
Poisson(\) Number of arr.lvals m {0,1,2,...} | € A Difficult expression | A A
an interval of time !
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Some continuous distributions

Name Example Support pdf f(x) cdf F(x) Mean | Variance
f(z) = = for
Uniform(a, b) Any symmetric experi- la, 0] x € Ja,b] and 0 ifr<a a+b | (b—a)?
ment f(z) = 0 other- =0 ifq<z<b D) 12
wise 1 ifx>b
Exponential(\)| Lifetime of a bulb R e~ AT 1—e @ 1/A /)2
Average of indepen-
dent random variables 1 o 2| Difficult expression.
2 ) (-’”_N) 2
Normal(y, %) (Central Limit Theo- R ox/ﬂe : There are tables. H 7
rem)

The last topic we review before going a bit deeper into conditioning, is multiple random variables. There are
only a few cases where we deal with a single random variable. Most of the time, two or more random variables
interact and we need to analyze them. In such case, we define the pdf/pmf and cdf of both variables together, and
we call them the joint pdf/pmf or joint cdf, respectively. The extension of the definition is immediate, so we skip
it. Instead, we focus on the covariance of the random variables, which indicates how related (or dependent) the
random variables are from each other.

Definition 2.11. The covariance of any pair of random variables X,Y is defined as
Cov[X,Y] 2E (X -EX)Y -E[Y])]=EXY]-E[X]E]Y].
The covariance is a bilinear function, and satisfies the following properties.
Proposition 2.9. Consider the random variables X,Y, Z, and the constants a,b € R. Then,
(1) Cov[X,X] = Var[X]
(i) Cov|[X,Y] = CovlY, X]
(i1i) Cov[aX,Y]=aCov[X,Y]
(iv) Cov[X,Y + Z] = Cov[X,Y] + Cov[X, Z]
(v) Var[aX + bY] = a? Var[X] + b* Var[Y] + 2abCov[X, Y]

(vi) Properties (iv) and (v) can be also concluded from the following property. Let X1,...,X, and Y1,..., Yy, be
random variables. Then,

n m n

Cov |3 %31 =303 Coulx,. 1]

i=1 =1 i=1 j=1

Considering the properties listed above, we may think of the covariance as some sort of “dot product” between
random variables and the variance as some sort of “norm”. This is just an intuitive explanation to remember the
properties, because the random variables X and Y are not vectors.

Example 2.8 (Example 2.34 from the textbook). Compute the variance of a binomial random variable X with
parameters n and p.

Solution. There are multiple ways to solve this question, but let’s try to use the properties of variance and
covariance stated in Proposition 2.9. Recall that a binomial random variable is the sum of n independent Bernoulli
random variables. Formally, for ¢ € {1,...,n}, let X; be a Bernoulli random variable, i.e.

X — 1 if we get a success
10 otherwise

14



Then,

We obtain
Var [X] = Cov Z X, ZXj (definition of X;’s and property (i))
i=1 j=1
n n
= Z Z Cov [X;, Xj] (property (vi))
i=1 j=1

n

Zn: Cov [Xi,Xj]

=1 j=1,j#i

= Zn: Cov [Xi,Xi] +

i=1

.

= ZVar [X:] + Z z 0 (property (i) and since X;’s are independent)

2.4 Conditioning on random variables

Recall that we can define events with random variables. For example, if X is a discrete random variable, {X = 10}
is an event. Then, we can use Bayes’ rule and the law of total probability to make computations easier. Let’s do
an example.

Example 2.9. Suppose that we have a printer that is not working very well. Every time it prints a sheet, there is
a probability p that it is well done and 1 — p that it’s not. When the printout is not well done, we discard it and
try again. Since the machine is not working very well, the time it takes to finalize printing a sheet is exponentially
distributed with rate p. The sheets printed by the machine are independent from each other (in terms of the time
and success/failure to do it well). What is the distribution of the time until you get a well-printed sheet?

Solution. First notice that, if we forget for a minute about the time the printer takes to print, and we only
look at the number of printed sheets until we get a good one, we have a geometric random variable with parameter
p. Let N denote this number. Then, if we use X; to denote the time it takes to print the i*? sheet, notice that the
time until we get a well-printed sheet (call it X) is

N

X=Y x.

i=1

Here we need to resist the temptation to say that, since X is the sum of independent exponential random variables,
it has Gamma distribution. The problem is that we are adding up a random number of exponential random
variables. Then, we need to compute the distribution.

Since we are dealing with multiple random variables, we condition as follows:

N e’} N
P [ZXZ» Sm] =) P [ZXZ. <z
=1 n=1 1=1

P [Z X; < x] P[N =n] (since X;’s are N are independent)

N =n|P[N =n)] (law of total probability)

n=1 i=1

O~ ([

= Z (/ ﬁt”’le*”t dt) (1-p)"'p  (replacing the Gamma cdf and Geometric pmf)
n=1 0 - ’
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n=1

x it t n—1
= /ip/o e M (Z %) dt (reorganizing terms)

xT
wp / e HteltP gt (solving the exponential series)
0

= up/ e~HPt dt
0

1 t=
= [6 upt]tzg
=1—e HPT,

In step (x) observe that we have a finite sum of exponential random variables. When we conditioned on N = n,
we got rid of the randomness at the upper limit of the sum. Hence, we do have a Gamma distribution.

The last expression is exactly the cdf of an exponential random variable with rate up. Hence, we will have to
wait an exponential time with rate up until the printer gives us a good sheet. Observe that the distribution of
the time until getting the job done did not change, but the rate decreased. Intuitively, since the printer can make
mistakes, it will take a bit longer to finish a well-done job. O

2.5 Independence of random variables

Now that we can deal with multiple random variables, we may wonder if they are independent. Before we discussed
about independence of events, and we can expand the same concept to random variables. Recall that {X < z} is
also an event. Then, we have the following definition for independence of random variables.

Definition 2.12. The random variables X and Y are independent if for all constants x,y we have

PX <z, YV<y=P[X <z|P[Y <y].

Observe that our definition of independence involves the joint cdf and the individual cdf’s. Indeed, the expression
above can be restated as

Fxy(z,y) = Fx(z)Fy (y).
We can actually use the pdf/pmf to equivalently define independence, as shown in the following proposition.
Proposition 2.10. The random variables X and Y are independent if and only if for all x,y we have
(1) pxy(z,y) =px(x)py (y) if X and Y are discrete random variables
(i1) fxy(z,y) = fx(@)fy(y) if X andY are continuous random variables

We can also use the expected value and the notion of covariance to talk about independence. However, in this
case we don’t have an “if and only if” relationship. If X and Y are independent random variables and g(X) and
h(Y') are real-valued functions, then

However, E [g(X)h(Y)] = E[g(X)]E[h(Y)] does not necessarily imply that X and Y are independent. In other
words, independence implies uncorrelated (covariance=0), but uncorrelated does not imply independence. To see
this counter-intuitive property, let’s see the following example.

Example 2.10. Let X be a discrete random variable with P[X =1] = P[X =0] = P[X =-1] = 1/3, and

let' Y 2 x2, Since the random wvariable Y is defined in terms of the random wvariable X, they are clearly not
independent. Let’s compute their covariance. By definition,

Cov[X,Y] =E[XY] - E[X]E[Y],

where



=0 (because XY = X)
Therefore,

awmnq:Euyywﬂmqu:o_0x§:a

2.6 Conditional expectation

The last topic we will cover before starting to review Markov chains is conditional expectation. We have been talking
about conditioning on events and conditioning on the value of random variables, using the idea that {X = z}, for
example, is an event. We will now focus on using this idea of conditioning to compute expectations. We will split
the analysis in discrete and continuous random variables.

Discrete case

We already know that the pmf and the cdf of X given Y = y are, respectively,

APX=zY=y pxyey)

and Fxpy(ely) SP[X <2 |V =y] = Y PIX =i[¥ =y].

The conditional expectation is defined similarly, as specified below.

Definition 2.13. If X is a discrete random variable, the conditional expectation of X given Y =y is defined by

EX|Y =y 23 apxyley) =) aP[X =z|Y =y

Let’s use this definition in an example.

Example 2.11 (Example 3.3 from the textbook). If X andY are independent Poisson random variables with rate
A1 and Ao, respectively, compute the conditional expected value of X given X +Y = n.

Since Poisson random variables are good models for the arrival process to certain systems, we have the following
interpretation of the result above. Consider the arrival process to a pharmacy. X represents the arrivals of people
who come to get a prescription, and Y of people who come to get over-the-counter medicines. Let’s assume that no-
body wants to get a prescription and over-the-counter medicines. Then, we want to compute the expected number
of people who have arrived to the pharmacy, given that n people entered the pharmacy. Now let’s solve the problem.

Solution. Let’s first compute the conditional pmf of X given X +Y = n. By definition, we obtain

PIX =k X+Y =n]
PX+Y =n]
PIX =k Y=n—Fk
P[X +Y = n]

_ PX=Fk|P[Y =n— k]

B PX +Y =n]

PIX=k|X+Y=n]=

(since X and Y are independent)

You may have forgotten by now, but let me remind you that the sum of independent Poisson random variables
is also Poisson and the rate is simply the sum of the rates of the original random variables. Then, X + Y is a
Poisson random variable with rate A; + A\2. Hence, we obtain

P[X = k]

PIX=k[X+Y =n]= P[X 4+Y =n]
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[ AfemM n!
N k! (A1 + Ag)e~(AitA2)

n' )\1 k )\2 n—k N A
~ kl(n —k)! (Al - Az) ()\1 - Az) (canceling e~ *32) and rearranging terms)

_(n )\1 k . )\1 n—=k

IRV TACYESY A1+ Ao '
Then, the conditional distribution of X given X +Y = n is Binomial with parameters n and p = ﬁ Then, the
expected value of X given Y =y is

ﬂ/\l
AL+ Ao

EX|X+Y =n|=np=

O

From the result, observe that given that we have n people in the pharmacy, we can interpret that getting a

prescription is a success, and getting an over-the-counter medicine is not. Then, the number of people that get

a prescription is equivalent to obtaining k successes in n independent trials. Even though X and X 4+ Y are not

independent random variables, they behave as if each of the n people in the pharmacy were independent. This is
one of the nice properties of Poisson random variables.

Continuous case

For continuous random variables we replace the conditional pmf by the conditional pdf, as follows. Recall that for
any y such that fy(y) >0,

& fxy(z,y)
Ixy(zly) = )

Then, we obtain the following definition of expectation conditioned on Y = y.

Definition 2.14. If X and Y are continuous random variables, the conditional expectation of X givenY =1y is
defined for values of y such that fy(y) >0 as

E[X|Y =] £ /Rfo\Y(xly) dx

Before discussing some properties of the conditional expectation, let’s do a continuous example.

Example 2.12 (Example 3.7 from the textbook). The joint density of X and Y is given by

lye™™ L 0<x<o00,0<y<?2
0 otherwise

fX,Y(I,Z/) = {

Compute E [e% Y = 1].
Solution. We first compute the conditional density of X given Y = 1. We have

fxiy(@,1) = fXJ’:;g;l)

1 —x
26

T X fxv (b 1) dt

= eiz

Now, since the expectation conditional on Y = y is an expected value, it satisfies LOTUS. Hence,

E [eg Y = 1} :/ e%fx‘y(x,l)dx
0

18



Il
)
|
o
]
QU
8

I
o

Let’s get back to any random variable X (discrete or continuous).

The first observation we want to make is that E[X |Y = y] is an expected value at the end of the day and,
therefore, it satisfies linearity and LOTUS.

The last topic we will cover is how to use conditional expectation to compute expectations. To do that, let’s
observe that E[X |Y = y] is a function of y. Let’s call it g(y) 2E [X|Y =y]. That said, we can generalize
E[X|Y =y] to a general value of Y and define the random variable g(Y") 2E [X |Y]. Then, the random variable
g(Y) =E[X |Y] takes the value g(y) = E[X |Y = y] if the random variable Y = y.

In the previous sections, we were using the law of total probability to condition on the value of a random variable
and obtain the pmf and cdf of another random variable. The analogous to this law in terms of the expectation is
the tower property, that we state below.

Proposition 2.11 (Tower property). For any random variables X and Y,
EX]=E[E[X[Y]].

For discrete random variables, the tower property translates to

E[X]=) E[X|Y =y|P[Y =y
y
and for continuous random variables, it translates to

E[X}=/RE[X|Y=:U] fr(v) dy

Example 2.13 (Example 3.10 from the textbook). Suppose that the expected number of accidents per week at an
industrial plant is 4. Suppose also that the number of workers injured in each accident are independent random
variables with a common mean 2. Assume also that the number of workers injured in each accident is independent
of the number of accidents that occur. What is the expected number of injuries during a week?

Solution. Observe that there are two random variables playing here: the number of accidents and the number
of injuries in each accident. Let N be the number of accidents in a week, and X; be the number of injuries in the
i*™ accident. Then, the total number of injuries in a week X is

N
X=> X
i=1

Observe that, exactly as in the printers example, we are adding up a random number of random variables.
Then, we compute E [X] as follows.

E[X]=E

N
=E |E lZXl NH (tower property)

i=1
=E[NE[X; |N]] (by definition of conditional expectation and since the X;’s have the same mean)
=E[NE[X;1]] (since N and X;’s are independent)
=E[N]E[X4] (by linearity of expectation because E [X7] is a constant)
=4x2=8

O

We have used conditioning to compute probabilities and expected values. We can also use it to compute
variances. To do it, we use the law of total variance, that we present below.
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Proposition 2.12 (Proposition 3.1 from the textbook). Consider two random variables X and Y. Then,
Var(X] =E[Var [ X|Y]] + Var[E [ X|Y]]
Let’s end the review of probability chapter with an example. There are many many more examples in the book.

Example 2.14 (Chapter 3, Exercise 97 from the textbook). Use the law of total variance to compute the variance
of a geometric random variable.

Solution. Let X be a geometric random variable with parameter p. For simplicity, let’s assume that X
represents the number of trials until the first success. We want to use the conditional variance formula, so we need
to find another random variable Y to condition on. Since a geometric random variable involves independent trials
of a success/failure experiment, let’s split the possible values of X based on the first outcome of the experiment.
Then, define Y as the indicator function that the first trial is a success. Then,

PlY=1=p and PY=0=1-p.

We first compute E [X|Y] and Var [X|Y] for the possible values of Y. If Y = 1, the variable X can only take
the value 1. In other words, X|Y =1 is deterministic. Therefore,

EX|Y=1=1 and Var [X|Y =1] =0.

Now, if Y = 0, it means that the first trial was a failure and, hence, we need to keep trying. Since different
trials are independent and have the same probability of success, starting to count trials after the first failure is
probabilistically the same as counting the total number of trials. Therefore, the random variables X|Y = 0 and
1+ X have the same distribution and, hence,

1
E[X|Y =0]=1+E[X]=1+-  and
p

Then, we obtain

E[Var [X|Y]] = Var [X|Y =1|P[Y = 1|+
—0xp+
= (1 —p)Var[X]. (1)

Now we compute Var [E[X|Y]]. First observe that

E[X|Y]__1 ify =1
S l1+1/p ifY =0

Then, we can write
1
EXY]=1+-1-Y).
p
Then, using properties of variance, we have
1
Var [E[X Y]] = Var [1 +—(1- Y)}
p

1 -1
= Var [1] 4+ Var {] + Var [Y} (since constants are independent of any random variable)
p p

1
= — Var[Y] (since variance of a constant is 0 and Var [aX] = aVar [X])
p
1
= — (p(1 —p)) (since Y is a Bernoulli random variable with parameter p)
p
L-p
= (2)
p
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Finally, using Equation (1) and Equation (2) in the law of total variance, we obtain

1-p

Var [X] = (1 — p)Var [X] + ’

and rearranging terms, we obtain

1—p

Var [ X]| =
[X] e

Note: If we wanted to do the number of failures until the first success the process is equivalent. All we need to
modify is that E [X|Y = 1] = 0. However, we are interested in computing Var [E [X|Y]] and 0 is a constant, so the
variance is not affected. O

In probability and stochastic processes, a very popular technique is conditioning on the first outcome. In the
example above we saw that, by doing that, we obtain a recursive equation because consecutive experiments are
independent. Then, we simply computed the variance by solving the equation.

An important observation above is that we computed the variance of X using only limited information about
its pmf. Observe that we only used the expected value of X and the probability that X takes the value 1.
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3 Discrete-Time Markov Chains (DTMC)

[This section is based on Chapter 4 of the textbook]

3.1 Definition and main properties of DTMC

We have been discussing random variables, and the possible outcomes they may have. However, life is dynamic
and we usually observe multiple outcomes of a family of random variables. Then, we also need to consider time
when we analyze random events. We start with a definition that will allow us to think of a sequence of random
variables, where the index of the sequence is usually associated with time.

Definition 3.1 (Section 2.9 of the textbook). A stochastic process {X; : t € T} is a collection of random variables
indexed by t. That is, for each t € T, X; is a random variable. The index t often represents time, so we refer to
X, as the state of the process at time t. The indices t take values in the set T, which we call index set, and it is
usually 7 (discrete-time process) or Ry (continuous-time processes).

The state space of a stochastic process is the set of all possible outcomes of the random wvariables X; for all
values of t € T. We usually denote it by X.

Examples of stochastic processes and their state spaces are:
e Number of students in the classroom, X = 7Z

e Number of customers who enter a store, X = 7Z

Number of customers waiting in line, X = Z,

Number of cars that cross a specific intersection, X = Z,
o Total amount of sales at a store, X =R

e Stock price of Amazon, X =Ry

e Position of a particle with respect to a fixed point, X = R3

In this chapter we are interested in developing a probability model for stochastic processes. Using the knowledge
we already have, we can always describe a sequence of random variables X, Xo,..., X, as a stochastic process.
We just need to consider T'= {1,...,n}, and the sequence {X,, : n € T} is clearly a stochastic process. However,
we have only studied sequences of independent random variables. In this chapter, we develop probability models
that allow dependence among the elements of the sequence.

Definition 3.2. A stochastic process {X,, : n € Z} over a countable state space X is a Discrete-Time Markov Chain
(DTMC) if for any pair i,j € X there exists a constant p;; such that

pij =P[Xpnp1 =7 Xn =14, Xno1 =in_1,..., X1 =11, X0 = ig]
for any choice of ig,i1,...,in—1 € X and alln € Z,..

The property defining DTMC in Definition 3.2 can be interpreted in English as:

The outcome of the future state X, ;1 only depends on the past states X, X7,...,X,
through the outcome of the present state X,.

Observe that we are not only absorbing in X,, the information about the outcomes of the past states, but we
are also absorbing the information about how “big” is the history. In other words, p;; only depends on 7 and j,
and it does not depend on i, ...,%,—1 and n. In English, we are saying that in DTMCs,

The future depends on the past only through the present.

Let’s see some examples.
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Example 3.1. [Ezample 4.2 from the textbook] Consider a communication system that transmits the digits 0 and
1. FEach digit transmitted must pass through several stages, at each of which there is a probability p that the digit
entered will be unchanged when it leaves.

Let X,, be the digit entering the n'* stage. Then, {X,, : n € Z,} is a DTMC.

Example 3.2. [Ezample 4.4 from the textbook] Suppose that whether or not it rains today depends on previous
weather conditions through the last two days. Specifically, suppose that if it has rained for the past two days, then
it will rain tomorrow with probability 0.7; if it rained today but not yesterday, then it will rain tomorrow with
probability 0.5; if it rained yesterday but not today, then it will rain tomorrow with probability 0.4; if it has not
rained in the past two days, then it will rain tomorrow with probability 0.2.

Define a DTMC that reflects the situation described above.

Solution. Observe that if we define X,, as 1 if it rained on day n and 0 if not, the process {X,, : n € Z,} is
not a DTMC because X,,+1 depends on X,, and X,,_1.
Instead, we define states that represent whether it rained or not in two consecutive days, as follows.

State | Yesterday | Today
0 Rain Rain
1 Rain Dry
2 Dry Rain
3 Dry Dry

O

If we go back to the definition of a DTMC, observe that all the probabilistic information about the sequence
{X, : n € Zy} is in the values of p;; for i,j € X. We start studying these numbers with the following key
observations:

(1) The value p;; is the probability that, starting from state ¢, the sequence goes to state j. Then, since p;; is a
probability, and the sequence must go somewhere, we have the following properties:

pij > 0 Vi,j e X

and Zpijzl Vie X
JjeEX

(2) The numbers p;; can be written in a square matrix, that we call transition probability matrix. If the state

space is X = {1,...,n}, we have
Poo Po1 - - Pon
pPio P11 - 0 Pin
p_ . .
Pno  Pni e ot Pnn

To build the matrix P, we think of the rows as the current state, and the columns as the future state.
Let’s see some examples.
Example 3.3. Compute the probability transition matriz for the communication system from Ezample 3.1.

Solution. First observe that the state space in this case is X = {0,1}. Then, the transition matrix is of
dimension 2 x 2 and has entries:

P:[ p 1—p]
1-p p

Example 3.4. Compute the transition probability matriz of Example 3.2.
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Solution. To construct the probability transition matrix, observe that we have some transitions that do not
make physical sense because the “future state” includes days tomorrow and today, and the “present state” includes
today and yesterday. For example, starting from state 0 we can only go to state 2 because state 0 says that today
is raining and states 1 and 3 say that today is not raining. With this in mind, the transition probability matrix is

07 03 0 O
0 0 04 06
05 05 0 O
0 0 02 08

P =

O

Example 3.5 (Inventory (s,S) problem). Suppose you want to sell muffins at school. You have done some surveys,
and you are pretty much sure of the pmf of the demand you will have. Let d; be the probability that the demand on
a given day is i, for i € Z.

Considering the size of your bag, the mazimum inventory you can carry is S and, to avoid cooking every day,
you have decided that you will only make more muffins if you arrive home with s or less at the end of the day.
When this happens, you make enough muffins to go to school with an inventory of S the next morning.

Suppose S =5 and s = 2, and assume that the demand is independent of the inventory you have. Model the
situation described as a Markov chain and construct the transition probability matriz.

Solution. Let X, be the inventory of muffins at the beginning of day n. Then, the state space is X = {3,4,5}
because you replenish your inventory overnight whenever you arrive home with 0, 1 or 2 muffins.
Then, we obtain the following transition matrix

do 0 ZiZl d;
P=|di dy Zz‘zz d;
dy di do+ 3 ;55di

O

The transition probability matrix has all the information that we need to study a DTMC. However, sometimes

it is helpful to have a visual representation of the chain. The standard representation is a graph where the nodes

are the states and the edges represent the nonzero elements of the transition probability matrix. For example, for
Example 3.1, the graph is given by

T
ol o%
e

where the green arrows represent the first row of the transition probability matrix, and the blue arrow represent
the second row.
Before we move on let’s see an example inspired by stochastic networks.

Example 3.6. Consider a single-server queue modeled in discrete time, that is, we observe the system at the end
of pre-determined time slots of, say, one second. The number of arrivals to the system in one time slot follows
a Bernoulli distribution with parameter X\, and, when the system is not empty, the number of potential departures
follows a Bernoulli distribution with parameter p. Assume that the number of arrivals per time slot is independent
of the number of processed jobs, and these two are independent of the state of the system.

a) Let Ny be the number of jobs in the system (considering the job in service, if any) at the beginning of time
Let Ny be th b jobs in th t idering the job i ice, 1 t the beginni ti
slot k. Is {Ny : k € Z+} a DTMC? If yes, compute the transition probability matriz and draw the diagram.

(b) Let Q. be the number of jobs in the queue (without considering the job in service, if any) at the beginning
of time slot k. Is {Qk : k € Z1+} a DTMC? If yes, compute the transition probability matriz and draw the
diagram.
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Solution.

(a) Yes, {Nj : k € Z,} is a DTMC. The diagram is:

M*Q\—Dﬁ"/‘) Aut (D0

&+ (23150
ﬁﬂ)\ Q /M\% A2

The transition probability matrix is defined by

Poo = Ap+ (1= A)
Po1 = AL —p)

and for 7 > 1 we have

pii = A+ (1= A1 —p)
Piiv1 = A1 —p)
pii-1 = p(1 —A)
and p; ; = 0 otherwise.

(b) No. When Q) = 0 we actually do not know the probability to stay in 0 and go to state 1 because @ = 0
means that either Ny = 0 or Ny = 1. In other words, if we do not look at the server (to see if it’s busy or
not) we are losing too much information and we obtain a stochastic process that is no longer a Markov chain.

O

3.2 Chapman-Kolmogorov equations

The matrix P gives us the one-step transition probabilities. But how can we compute the multiple-step transition
probabilities? For example, if we have a single-server queue that has 2 customers, then what is the pmf of the
number of customers in 5 time slots?

For i,j € X and n € Z,, define the n-step transition probabilities as

Py =P X = 5| Xe =]
To compute these quantities, we use the Chapman-Kolmogorov equations, which establish that

pIt = ST PR Ynyme Zy, iy € X
lex

In words, if we want to compute the probability of going from state i to j in n + m steps, we can condition on
where the chain goes in the first n steps. If it goes to state ¢, then it must go from ¢ to j in m steps. Formally,

pz(‘Z‘er) =P[Xpym =j|Xo=1]
=Y P[Xpim =7 Xp =1 Xo=1i]P[X, ={]| X, =i

tex

= Z]P’[Xn+m =j| X0 =P[X, ={|Xo =i (because { X} is a DTMC)
tex

=Y PlXp =j|Xo=OP[X, =] Xo =]
lex
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_ (m)_(n)
= ZPM Piy
lex

In the next theorem, we confirm the intuition we get from Chapman-Kolmogorov equations.

Theorem 3.1. Consider a DTMC with transition probability matriz P and let P("™) denote the n-step transition
probability matriz. Then,

P — P",
i.e., the n-step transition probability matriz is exactly the one-step transition probability matrix in the power of n.
Example 3.7. Consider again Example 5.2.
(a) If it rained on Monday and Tuesday, what is the probability that it will rain on Thursday?

(b) Now suppose we know it rained on Tuesday, but we don’t remember if it rained on Monday so we assume that
it rained with probability 0.5. What is the probability that it will rain on Thursday?

Solution. In both cases, we need to compute the two-step transition probability matrix. We obtain

07 03 0 O 07 03 0 O 0.49 0.21 0.12 0.18
p2_ 0 0 04 06 0 0 04 06| (020 020 0.12 0.48
05 05 0 O 05 05 0 O 0.35 0.15 0.20 0.30
0 0 02 08 0 0 02 08 0.10 0.10 0.16 0.64

(a) If it rained on Monday and Tuesday, our initial state is 0, so we look at the first row of P2. Now, rain on
Thursday means that we are either in state 0 or 2, so we have
P [Rain on Thursday | Rain on Monday and Tuesday]
=P[X,; €{0,1}| Xo = 0]
=P[Xy =0[Xo=0]+P[X> =2]|Xo = 0]

2 2
= Poo +Poa

=0.4940.12
=0.61

(using the formula for probability of the union)

(b) Now we don’t know the initial state, but we have a pmf for it. Let a; = P [X( = ] for ¢ € {0,1,2,3}. We can
write the pmf as a vector as follows:

(675} P [X() = 0}
o — (6731 o P [XO = 1}
| T P[Xo =2
Q3 P [X() = 3}
0.5
o5
10
0

Then, using the intuition built above, we have that the pmf of the state in two days is

a® = (PHTa

[0.49 0.21
0.20 0.20
0.35 0.15
10.10 0.10

0.42
0.18
0.16
0.24
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0.12
0.12
0.20
0.16

Then, the probability that it rains on Thursday is aéQ) + aéQ)

0.18| /0.5
0.48 0
0.30| 1 0.5
0.64 0

=0.4240.16 = 0.58



O
To use the matrix multiplication method, let’s remember that the i*® row of P* represents the pmf of the state
in step k given that X, = 4. Then, if the initial state has pmf a(?), then by law of total probability we have that

PXp=j]=Y P[Xp=jlXo=da Viex
iex
If we rewrite these equations in matrix notation, we obtain that the probability mass function of the k" step,
denoted by a'®) is given by
alF) = (pk)Ta(O)
or, equivalently,

(a(k))T — (a(O))TPk

3.3 Classification of states

So far we have know that the behavior of the DTMC’s after a finite number of steps can be determined by the
transition matrix. We just need to compute the power corresponding to the number of steps we want to give. In
this section, we will learn how to make sense of the transition matrix and try to predict the behavior of the DTMC
without necessarily computing the powers of P.

We will define “types” of states and study properties of each type.

Definition 3.3. State j is accessible from state i if there exvists n € Zy such that pgz) > 0. In words, if we can get
to state i given that we started from j.
Two states i and j that are accessible to each other are said to communicate, and we write i <> j.

Example 3.8. Consider the following DTMC.
@ @
-

o States 1 and 2 communicate (1 <> 2)

In this example:

o State 2 is accessible from state 3

e State 3 is not accessible from state 2. Then, states 2 and 3 do not communicate.

The relation of communication is an equivalence class and, hence, it satisfies the following properties:
(1) Reflexivity: i <» i for all i € X'. In words, state ¢ always communicates with itself.
(2) Symmetry: If i +» j, then j < 4. In words, if i communicates with j, then j communicates with 4

(3) Transitivity: If i <> j and j <> k, then i <» k. In words, if ¢ communicates with j and j communicates with
k, then ¢ communicates with k.

The first two properties immediately hold by definition, and the third property is a consequence of Chapman-
Kolmogorov equations. Let’s prove it!
Proof. By definition of communication, we need to show that pl(.rz) > 0 for some n € Z,. Indeed, since i <> j and
j < k, we know the existence of n; > 0 and ny > 0 such that

(n2)

() 5 and p;y > 0.

Pij >
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Now, we expect that n = nj + no is a good number to our proof. Let’s see.

pgﬁcl*”” = Z pETZ”p%? (by Chapman-Kolmogorov equations)
tex

Z p(z_l)p;_jlkz) > 0.

This completes the proof. O

Definition 3.4. States that communicate are said to be in the same class.

The DTMC is said to be irreducible if there is only one class, that is, if all the states communicate with each
other.

In Example 3.8 there are two classes: {1,2} and {3}. Hence, it is not irreducible. Before we work on an example,
let’s see additional definitions.

Definition 3.5. For any state i, let f; be the probability that, starting from state i, the DTMC will ever reenter
state i. State i is recurrent if f; =1, and state i is transient if f; < 1.

We will spend some time studying the properties of recurrent and transient states. But before we get there,
one more definition to completely classify our DTMC’s.

Definition 3.6. State i is periodic with period d > 1 if the chain can only return to state i in a multiple of d steps.
If d =1 the state is said to be aperiodic.

Example 3.9. For the DTMC’s defined by the following transition probability matrices, determine if they are
irreducible. If not, determine how many classes they have. Are the states recurrent or transient? Periodic or
aperiodic?

1/2 1/2 0 0

/2 12 0 12 12 0 0
P=1/2 1/4 1/4 Q=
0 13 2 1/4 1/4 1/4 1/4

0 0 0 1

Solution. We draw the diagrams. For matrix P we obtain

(TF X

Lomo;
: / 2

Yy
d

UH&

A I‘-f

Observe that all the states communicate with each other. Then, the DTMC is irreducible. Since the chain is
irreducible, the class is recurrent. Additionally, all the states are aperiodic.
For matrix @ we have the following diagram:

.l?® : Q o
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In this case we have three classes: {1,2}, {3} and {4}. Class {1,2} and {4} are recurrent, and class {3} is
transient. Observe that state 4 is absorbing, i.e., if we enter there, we will never leave. However, all the states are
aperiodic. 0
Properties of recurrent and transient states

By definition of a Markov chain, every time we visit a state ¢ we are restarting the process. Then, recurrent states
are visited infinitely many times. Transient states, on the other hand, are visited a geometric number of times with
parameter p = f;.

Before we determined if the classes are recurrent or transient based on the diagram. However, when the state
space is large we may not be able to do this. The next proposition gives an alternative way to verify.

Proposition 3.2 (Proposition 4.1 from the textbook). State i is recurrent if

>ty =
and transient if

o0

>opl <o

n=0

Proof. To prove both results, let I,, be the indicator function that X,, = i. Then, the total number of times the
chain visits state ¢ is

0o
> In
n=0

XO:i] :iE[IMXO:i]
n=0
:iIP’[Xn:MXo:i}
_me

Then, since a recurrent state is visited infinitely many times and a transient state is visited finitely many times,

we obtain the result. O
This representation of recurrent and transient states allows us to show the following result.

Corollary 3.3. Ifi <> j and i is recurrent, then j is also recurrent.

Proof. We're trying to show that state j is recurrent, i.e., that

> -

It suffices to find a lower bound that grows to infinity.
(m1)

and p(mZ). Now,

Since i <> j, we know that there exist some my,my € Z, such that Di i

+ma+t
Py > ) pl1e),

Then, by Chapman-Kolmogorov equations, we obtain
oo
>z me P e
=1
(m1) )
=i ZPH -

This shows that Z —1bj, j) = oo and, hence, j is a recurrent state. O
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From the last two results, we can draw some conclusions:
(i) Transience is also a class property because states that are not recurrent are transient.

(i) If the state space is finite, then not all states are transient.
Why? Since we are studying a DTMC that can evolve forever (i.e., infinitely many steps), the only way to
keep visiting a finite number of states is to visit at least one state infinitely many times. Hence, not all the
states can be transient.

(iii) If we have an irreducible DTMC with finitely many states, then all of them must be recurrent.
Why? This property relates to the previous property. In an irreducible Markov chain, all the states are
either transient or recurrent. Since we have finitely many states, they must be recurrent (using the previous

property)

Below we study a random walk, which is one of the classical examples of Markov chains. Some applications are
queueing theory (if we truncate at 0), and the earnings/losses of a gambler who bets $1 in each game. The random
walk is also an example of the so-called birth-death process.

Example 3.10 (Example 4.19 from the textbook). The random walk in 1D: Consider a Markov chain where
the state space is X = 7Z and has transition probabilities:

p L ifj=itl
pij=4l-p ,ifj=i-1
0 , otherwise

where p € (0,1). In other words, on each transition the chain moves one step forward or one step backwards. Find
the classes of the Markov chain and classify them.

Solution. Before adventuring into the classification of states, let’s draw the diagram.

BHONONOX SOSONOE

e o = e

The first observation is that all the states communicate with each other. Hence, the chain is irreducible.

To decide about periodicity, let’s look at state 0. Observe that if Xg = 0, then X,, = 0 only has a positive
probability if n is an even number. Then, state 0 has period 2. The period is also a class property, so all the states
are periodic with period d = 2.

The last question to answer (and that will take us a while to answer) is whether the states are recurrent or
transient. To answer this question we study

Z p(n)

and determine if it is finite or not.
As noted before, state 0 is periodic with period d = 2. Then, py’

To compute pé 0) observe that if we are back to state 0 in 2n steps we went n steps forward and n backwards,

and the probablhty of doing that is p™(1 — p)™. However, p"(1 — p)™ represents the probability of a specific path,
and there are many many possibilities. For example, if n = 3 and we represent a step forward by + and backwards
by —, we may do +4++— ——, or ++ —+ ——, or + —+ — +—, etc. Then, the probability of going from state 0 to
0 in 2n steps is p"(1 — p)™ times the number of possible paths. One way to think of the number of paths is that,
out of the 2n steps, we need to choose n to go forward. Hence, there are (277) possible paths. Putting everything
together, we obtain

(2" Y =0 forall n € Zy.

(2n) 2n n n
= ]_ —
Po.0 ( N )p (1-p)
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Therefore,

We use Stirling’s approximation to deal with the factorials.

Proposition 3.4. For a positive integer number n, we have

nl ~ 2t/ 2

. (2n—1) _
(since pyy ' =
n=1
= (2n " "
-y )p (1-p)
n=1 n

where ~ represents that both quantities are asymptotically equal as n — .

Using Stirling’s approximation, we obtain

Therefore, we obtain

(2n)!  V2m(2n)Pnt1/2e=2n  92n
nln! -/

[e%S)
>
n=1

(2n)
0,0

(\/ﬂnnﬂ/%—")z

N~ L @1 -p))”
; vTooon

0)

Does the sum converge? First observe that Zzozl ﬁ diverges. Then, the sum will converge if 4p(1 — p) < 1

and will diverge if 4p(1 — p) > 1. Let’s study 4p(1 — p) — 1 and see its sign. Rearranging terms, we obtain

dp(l—p)—1=dp—4p® —1=—(4p> —4p+1) =—(2p—1)* <0

Vp

Hence, we obtained that the sum diverges if and only if p = 1/2. Interpreting the result, the random walk is a
recurrent chain if and only if it’s symmetric (i.e., if p = 1/2). If it’s asymmetric, it is transient. O
A random walk being transient is a very counter-intuitive result. However, we have to remember that it is a
infinite-state Markov chain. If p > 1/2, then we always have more probability of getting away from zero towards
0o. Then, after a long time of going forward with high probability, going back to state 0 becomes impossible.
Similarly, if p < 1/2 we will probably end up in —oo.
Below we present the results of a simulation.

Random walk for p<1/2

Random walk for p=1/2

Position w.r.t. origin
|
s
=
=

=150

-175

-200

200

400 600
Time

800

1000

200 400 €00 200
Time

1000

175

150

100

5

Random walk for p>1/2

200 400 600 800 1000

Time

Observe that when p = 1/2, the random walk stays close to the origin. However, when p # 1/2 it goes away
very fast. For p > 1/2 it goes away to oo and for p < 1/2 to —oo.
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3.4 Long-run proportions and limiting probabilities

The first couple of steps of a Markov chain are usually messy to study because they highly depend on the probability
mass function of the initial state (that we denoted a(o)). Since many systems run for a long time, there is value
in understanding what would happen if we wait for a long time. Will the system reach some sort of equilibrium?
How would it look like?

In this section we will study the probabilistic behavior of DTMCs in the long run. We start with some notation.

Definition 3.7. Consider « DTMC {X,, : n € Z,} with state space X, and take two states i,j € X with i # j.
Then, the probability of ever visiting state j given that we started from i is denoted f; ;. More formally,

fi,jéP[Xn:ijTsomen>O|X0:i]

The probability f; ; can be considered a generalization of f;, which represented the probability of ever coming
back to state . Indeed, f; and f; ; have a similar property for recurrent states in the same class, as we show in the
next proposition.

Proposition 3.5 (Proposition 4.3 from the textbook). If i is recurrent and i <+ j, then f; ; = 1.

The proof is simple, and it is based on the idea that recurrence is a class property. We will skip the details,
but the main idea is that 7 is a recurrent state, so starting from state Xy = ¢, we are sure that we will come back
to state ¢ infinitely many times. Additionally, ¢ <+ j. Then, there is a positive probability that j will be visited in
n steps starting from 4 (for some finite n). Then, the number of visits to i before we visit j for the first time is a
geometric random variable and, hence, we know that we will visit state j in a finite number of steps.

We will now focus on the time between visits to a state, in order to compute the proportion of time that we
spend in each of them. We start with a definition.

Definition 3.8. Define N; as the number of transitions until the Markov chain makes a transition into state j,
that is

A, )
N; =min{n >0: X, =j}
and let m; be the expected number of transitions (or steps) between visits to state j, that is,
A .
m; =E[N; | Xo = j].

As we saw in the examples when we were classifying states, recurrence is a property that might look differently
in different DTMC’s. In the next definition, we add a surname to distinguish two types of recurrent states.

Definition 3.9. We say that a recurrent state j is positive recurrent if m; < oo and that j is null recurrent if
m; = 0.

For example, in Example 3.9 we saw examples of positive recurrent classes, and in Example 3.10 we saw an
example of null recurrent states when p = 1/2.
We now relate the time between visits to a state with the long-run proportion of time spent at that state.

Proposition 3.6 (Proposition 4.4 from the textbook). Let m; be the long-run proportion of time that a Markov
chain spends at state j. If the Markov chain is irreducible and recurrent, then for any initial state we have:
1 .
T = — VieX
m;

Proof. We define the time between visits as follows:

Ty =min{n € Z; : X,, =j}

T, =min{n >T;,_1: X, =j} Vi > 2

Observe that T; = ;. In this case, we introduce more notation because we are interested in the time between
visits. In the next figure, we plot time in the x axis and the state of the DTMC in the y axis to show what the T;’s
represent pictorially.
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VDl A

Now, since T;’s are the number of transitions between visits to a particular state of a DTMC, and the future of
DTMC’s only depends on the current state, we know that 77,75, . .. is a sequence of independent random variables.
Further, T5, T3, ... are also identically distributed.

Additionally, observe that Ty + 15 + - - - + T}, represents the time at which the n*® visit to state j occurs. Then,
the proportion of time we spend at state j by time 77 + --- + T}, is ﬁ because, out of the 77 + -+ + T},
transitions that have happened, n have been to state j.

Therefore, since 7; represents the long-run proportion of time spent at state j, we have

. n
AT Gt 4 T
. 1
i v P vy
— 1’ 1
R T () ()

To compute the limit observe:

e T is finite with probability 1 because j is a recurrent state. Then,

T

lim — = 0.
n—,oo N

e 75 T3, ... are independent and identically distributed random variables. Then, by the strong law of large
numbers,
. T+ ...+ T,
dm = =7 =Rl =m.
Hence,

1
= —
J m]

O

The previous proposition also shows that 7; > 0 is equivalent to m; < co. Then, we can say that a state j is
positive recurrent if and only if 7; > 0, i.e., if and only if in the long run we spent some time in it.

We now show that positive recurrence is a class property. The proof is very similar to the proof that recurrence
is a class property, so we only sketch it.
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Proposition 3.7 (Proposition 4.5 from the textbook). If state ¢ is positive recurrent and i <+ j, then j is positive
recurrent.

Proof sketch. We need to show that 7; > 0. By definition of m; and because i <+ j, we obtain
m-pgf}) <7
for n such that pgz) > 0. In words, the proportion of time we spend at state j is larger than the proportion of time

that we visit state j after visiting state .
This shows that m; > 0 because m; > 0. O

From the propositions proved above, we can draw the following conclusions:
(i) Null recurrence is also a class property

(ii) In an irreducible Markov chain with finite state space, all the states are positive recurrent.
Otherwise, the proportion of time spent in every state would be 0 in the long run.

The next theorem gives us a nice way to compute the proportion of time spent in each state.

Theorem 3.8 (Theorem 4.1 from the textbook). Consider an irreducible DTMC. If the chain is positive recurent,
then the long time proportions are the unique solution to the system of equations

m=PTnr, Z m; = 1.
JjEX
Moreover, if there is no solution to the preceding system of equations, then the DTMC is either transient or null
recurrent and all m; = 0.

We won’t prove the result, but let’s try to make sense of the system of equations. If we write the equations
7 = P77 component-wise, we obtain

T = Zpi,jm vj

i€EX

In words, this equation is saying that the proportion of time we spend in state j equals the proportion of time we
spend in every state and travel to state j. Since the chain must have been somewhere before going to state j, this
equation is just a result from the law of total probability.

Now, Y ;™ =1 just says that the DTMC must always be at some of the state.

Long-run proportions vs. limiting probabilities

When we just learned probability, we were told that the probability of an event E can be computed as the
proportion of successful cases over the total size of the state space. In this section, we’ve been very careful in
calling 7; proportions and not probabilities. But do 7;s represent the probability that the chain is in state j in the
long run?

Let’s first clarify what we mean by limiting probabilities.

Definition 3.10. The limiting probability of visiting state j is defined as

AL .
a; = lim P[X,, = j]
n—oo
Observe that o; does not depend on the initial state. If the values a; exist, then a; = 7; because o satisfies
the equations from Theorem 3.8. Further, by definition,
a= lim (P")Ta®,
n—oo
where a(9) represents the probability mass function of the initial state. Then, « is well defined when the limit
lim,, o P™ exists. As we saw in the homework, this limit exists if the chain is aperiodic.
After all, one interpretation of the equation @ = P77 is that the probability mass function before a transition
is v and after one transition it is the same, and this is clearly untrue when we have periodicity.
Let’s see a simple example.
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Example 3.11. Consider the DTMC with transition probability matriz
0 1
Pt )

Then, the proportion of time spent in each state is clearly 1/2. However,

P =p= {(1) (1]} and P! = B (1)] Vn € Zy

Therefore, lim P™ does not exist.

n—oo

Now let’s see some examples where 7 represents the limiting probabilities.

Example 3.12 (Example 4.22 from the textbook). Suppose that the probability that it rains tomorrow is « if it
rained today and (3 if it did not rain today. What is the proportion of days that it will rain in the long run?

a 11—«
P =
17
Solution. We solve the system of equations from Theorem 3.8. We obtain:

o = amg + B
m=1-a)mo+(1—-5)m
0 +7T1 = ].

Solving the system of equations we obtain

8 11—«
N = ————— m = —
T 148-a ' 1+B-a

O
In the next examples we interpret the equations m = P77 to solve. In the next example we use the interpretation
of m; as the proportion of time spent in state ¢ in the long run.

Example 3.13 (Example 4.26 from the textbook). The printer in front of Becca’s office changes states in accor-
dance with an irreducible, positive recurrent Markov chain with n states and transition probabilities determined by
the matriz P. Suppose that certain states are considered acceptable and the remaining, unacceptable. Let A be the
set of acceptable states and A€ the unacceptable. If the printer is said to be “up” when in an acceptable state and
“down” when in an unacceptable state, determine:

(a) The rate at which the printer goes from up to down, that is, the rate of breakdowns
(b) The average length of time the printer remains down when it goes down
(¢) The average length of time the printer remains up when it goes up

Solution. First observe that m; F;; is the rate at which the DTMC goes from state 7 to j in the long run. Then,
the rate at which the DTMC enters state j from an acceptable state is

> mibi;
€A

Hence, the rate at which the printer enters an unacceptable state starting from an acceptable state (which is the
rate at which breakdowns occur) is

> D mibi
jeAcicA
Now, if we letg and D be the average time the printer is up and down, respectively, we have that breakdowns
occur once every U + D time slots. Hence,
1

R IO

jEAcicA
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Out of the U + D time slots between breakdowns, the printer spends U time slots up. Then, we get

U
U+5:Z7rj

JEA

From these two equations we obtain that the average time that the printer is up is

_ ZjeA T
D jeac DieaTibij

=

and the average time it is down is

ZjeAC Ty
D jeac 2uica Tl
If the states of the printer are {1,2,3,4} with A = {1,2} and

E:

1/4 1/4 1/2 0
0 1/4 1/2 1/4
1/4 1/4 1/4 1/4
1/4 1/4 0 1/2

(3111
T=\16" 4" 18 18
and we obtain U = 1, D = 2. O

9
In the next example we explicitly use the equations @ = P77 to give an interpretation and solve.

P =

then,

Example 3.14 (Exercise 46 from Chapter 4 of the book). Ana possesses r umbrellas that she employs in going
from her home to office, and vice versa. If she is at home/the office at the beginning/end of the day and it is raining,
then she takes an umbrella with her to the office/home, provided there is one available at home/the office. If it is
not raining, then she never takes an umbrella. Assume that, independent of the past, it rains at the beginning/end
of the day with probability p. What fraction of the time does Ana get wet in the long run?

Solution. We first define our state. For simplicity, let’s assume r is an odd number. Let X, be the number of
umbrellas at the present location of Ana. Then, the diagram of the Markov chain is:

OO ELO- &6
\-@ g_?/ =P s \-Q

and the transition matrix is determined by

Por = 1
Pigr—i+1 =P
Dir—i =1—p

forallie {1,...,r}.

To compute the probability that Ana gets wet, we need her to be at a location that does not have an umbrella
and that it rains. Then, the probability that Ana gets wet is pmy. We now compute 7.

One way to think of the equation @ = P is that the out-flow to every state must equal the in-flow. Under
this interpretation, we obtain the following system of equations:

mo = (1 — p)m,.
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Ty = To + P71
m =pr, + (1 —p)m_1

mr—1 = (1 = p)m1 + pm2

T = pr—it1 + (L —p)mr—;
Let’s add the first two equations:

mo + T = (1 — p)mr + o + pm1 = Tp = M1

Using the last result in the third equation yields m; = 7,_;. Hence, we have
mo = (1 — p)m,. and T =Tg = =T,

Now we use that 7 is a probability mass function and obtain

: r
1—;7Ti—7r0< 1—p>

Hence, Ana gets wet with probability - +11 p; O

3.5 DTMC’s with costs on each state

In this subsection we consider a cost associated to each state and we compute the long-run average cost.

Proposition 3.9 (Proposition 4.6 from the textbook). Let {X,, : n € Z,} be an irreducible Markov chain with
stationary probabilities m; for j € X. Letr : X — R be a bounded function on the state space. Then, with probability
1, we have

Example 3.15. Single server queue with finite waiting room. Suppose that a patient arrives to a doctor’s
office with probability A in each time slot. If the doctor is busy with a patient, the consult finishes with probability
w in each time slot. Due to COVID, the doctor has determined that she can only have 2 patients in the waiting
room and that each patient in the waiting room has a cost of $20. If a patient comes and the waiting room is full,
she/he leaves.

(a) What is the probability that a patient cannot enter the doctor’s office?
(b) What is the long-run cost due to patients waiting?

Solution. Let X,, denote the number of patients in the doctor’s office after transition n. Then, the probability
that a patient cannot enter is Ars and the long-run cost is >__,; 20im;. Then, we compute 7.
We first draw the diagram and build the transition matrix.

Alw) Al Ao

OB OEONOZas

/u\(\—,\) /LU-A\ 6 fk(t-,g)
)yuk % Apix
(D) 00w

37



Then, the transition probability matrix is

A+ (1= A1 = p) 0 0
po | rA=2 A+ (=N —p) AL = p) 0
0 p(l—A) A+ (1 =A)1=p) A1 -—p)
0 0 p(1=A) A+ (1= p)

To compute the stationary distribution 7 we solve w = PTxr. We obtain:

mo=Apn+1—=XNmo+ p(l—Nm

T =M1 = p)mo + (Ap+ (1 = A) (1 = p)) m1 4 p(l — A)me

Ty =M1 = p)m+ (A + (1= A) (1 = p)) w2 + pu(l — A)ms
=AM1—p)m+ (An+1—p)ms

Rearranging terms in the first equation we obtain:
,LL(I—)\)TH:)\(I—ILL)WO > 7'('1:;

Then, replacing this result on the second equation, we obtain

Then, using the last equation, we obtain

Yy (A(l —m) Y <A(1 —u))?’m
(1= ) (1= )
To solve we use the condition Z?:O m; = 1. We obtain

Observe that this chain is positive recurrent for all values of A and p because the state space is finite and the
chain is irreducible. For a queue with infinite room space we need to make sure that the sum of 7’s converges (as
you’ll do in your homework). O

3.6 Time until visiting a state

Before finishing this chapter, we study the time that it takes to visit a particular state for the first time. We do
this with an example.

Example 3.16. Consider the single-server queue described in Example 5.15. If the system starts empty, what is
the expected number of transitions until it is full?

Solution. Let N; be the number of transitions until the number of customers is ¢ for the first time starting

from an empty system, and let n; 2 E [NV;]. Then, we want to compute ny.

We will condition on the first transition of the DTMC to obtain a recursive equation that will depend on n.
Then, following the same steps for n; and ny we will obtain a linear system of equations. The last step is to simply
solve the system of equations to obtain our answer.

Using the tower property to condition on the first transition we obtain:

no = E[No] = E [E [No| X1]]

3
Z [No| X1 = 1] po,i

= (A +1 =X E[No| X1 = 0] + A1 — p)E [No| Xy = 1]
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=Mu+2=X) 1 +n0)+ X1 = p)(1+n1),

where we used that the first transition adds 1 step to ng and (X,,), is a Markov chain, so after giving one step the
future only depends on the new state. Hence,
and if we go to state 1, the expected number of steps until we get to state 3 is n;.
Rearranging terms we obtain the following linear equation:

_
AL = p)

Now we follow the same steps to obtain an equation starting from n;. We obtain

ng —nyp =

ny = (14+no)p(1 =)+ (1+n1) A+ (1 =21 = p) + (1 +n)A1 — p)
Reorganizing terms, we obtain
1= p(l = A)(n1 —no) + A1 — p)(n1 — n2)

and using the result from Equation (3) we obtain

m—n = s (1+ 5= (4)

Following similar steps for ny we obtain

ng = (14+n)u(1 =X + (1 +n2)Ap+ (1= A1 —p) + (1 +n3)A1 — p)
= (L+n)u = A) + (L +n2)(Au+ (1= A) (1 = ) + A1 - p),

where the last equality holds because n3 = 0. Reorganizing terms, we obtain

ng = (1 +p(1 = A)(n —n2))

AL —p)
_ 1 p(l=2)  (pd=XN)\’
_A(l—u)<1+A(1—/~L)+(A(1—u)>)

Plugging the last result back in Equation (4) to obtain n1, and then using the result in Equation (3) we obtain
the value of ng.

O
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4 Exponential Distribution and Poisson Process

[This section is based on Chapter 5 of the textbook]

After spending some time studying Discrete-Time Markov chains, we move to continuous-time processes. In this
chapter we will look at the time between events instead of the number of events in fixed time slots. These processes
are fairly complicated, but we can make some mild assumptions to gain tractability without losing practicality.
Specifically, we will assume that the time between events follows an exponential distribution. We start the chapter
studying the most important properties of this distribution.

4.1 The exponential distribution
We start with the formal definition.

Definition 4.1. A continuous random variable X is said to have exponential distribution with parameter A (with
A > 0) if its probability density function is

o .
fx(z){)\e ,ife >0

0 , otherwise

or, equivalently, if its cumulative distribution function is

0 ,ifx <0
F =
x(@) {16)“'” ,ife >0

The mean and variance of an exponential random variable are:

EX]=— and  Var[X] = —

Memoryless property

One of the most important properties of the exponential distribution, and probably the main reason why it is so
easy to work with, is the memoryless property. We define it below.

Definition 4.2. A random variable Y is said to be memoryless if for all s,t > 0 we have
PY >t+s|Y >t]|=P[Y > ] (5)

In words, the memoryless property says that the random variable Y does not deteriorate with time. For example,
if Y represents the lifetime of an instrument, the memoryless property establishes that the current age ¢ of the
object does not affect the probability that it lasts for additional s time units. If we look at the equation above, the
left-hand side establishes that the lifetime of the instrument is s extra time units considering that it hasn’t failed
up to t. On the right-hand side, we simply compute the probability of the instrument’s lifetime being at least s
time units.

Theorem 4.1. Exponentially distributed random variables are the only continuous random variables that satisfy
the memoryless property.

Proof. We only prove that exponential random variables are memoryless. We omit the proof of uniqueness. If we
use the definition of conditional probability in Equation (5) we obtain:

PY>t+sY>t]|=PY >¢{P[Y > s

But Y > ¢+ s implies Y > ¢t. Then, P[Y >t+s,Y >t] =P[Y >t + s]. Hence, the memoryless property can be
equivalently written as

P[Y >t+s]=P[Y >{]P[Y > s].
If Y ~ Expo()\), then P[Y > x] = e~**. Then, we obtain
PIY >t +s] = e Mt
and P[Y > t]P[Y > s] = e Me ™ = ¢ AtH9),

Hence, the exponential random variable is memoryless. O
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Example 4.1 (Example 5.3 from the textbook). Consider a post office that is run by two clerks. Suppose that
when Mr. Smith enters the system he discovers that Mr. Jones is being served by one of the clerks and Mr. Brown
by the other. Suppose also that Mr. Smith is told that his service will begin as soon as either Mr. Jones or Mr.
Brown leaves. If the amount of time that a clerk spends with a customer is exponentially distributed with mean
1/X, what is the probability that Mr. Smith is the last customer to leave the post office among the three?

Solution. Mr. Smith only starts being processed when one of the current customers ends. Suppose it’s Mr.
Jones. Then, Mr. Smith is the last one to leave if his total service time is larger than the remaining service time
from Mr. Brown. Since the service times are exponential, by the memoryless property, the remaining service time
of Mr. Smith and Mr. Brown have the same distribution. Hence, by symmetry, Mr. Smith is the last one with
probability 1/2. O

Example 4.2 (Example 5.4 from the textbook). The amount of money in damage in an autormobile accident is
an ezxponential random variable with mean 1000. Of this, the insurance company only pays the amount exceeding
the deductible of 400. Find the expected value and standard deviation of the amount the insurance company pays
per accident.

Solution. Let X be the amount of money in damage in an automobile accident and Y the amount of money
paid by the insurance company. Then,Y = max{X — 400,0}. Let I be the indicator function that the insurance
company pays something, that is,

;o1 X > 400
o, if X <400

Then, using the memoryless property, we obtain

E[Y|I=1]=1000
E[Y|I=0]=0

Var [Y | T = 1] = 10002
Var[Y|I=0]=0

because Y | I = 1 has the same distribution as X. We can write the expessions above as follows
E[Y|I]=10T and  Var[V|I] =10°T
Now, I is a Bernoulli random variable with parameter
p=P[[ =1 =P[X > 400] = ¢~400/1000 _ ,—04
Then, using the tower property we obtain that the mean of what the insurance company pays is
E[Y]=E[E[Y|I]] =E [10°]] = 10°E [I] = 10°¢~** ~ 670.32
Finally, using the law of total variance we have

Var [Y] = E [Var [Y|I]] + Var [E [X|]]]
=E [10°] + Var [10°I]
=10k [I] + 10°Var 1]
— 10604 + 106670.4(1 _ 670.4)

where we used that a Bernoulli random variable with parameter p has mean p and variance p(1 — p).
Then, the standard deviation of the amount paid by the insurance company is

V/ Var [Y] & 944.09

41



Properties of the exponential distribution
We list some well-known properties of the exponential distribution:

1. If X1, Xo,..., X, are iid exponential random variables with parameter A, then Y = "7 | X, is Gamma(n, \),
that is,

-y ()\y)n—l

fr(y) = e (n—1)!

2. If X1, X, are independent random variables with parameter A1, Ao, respectively, then

A1
PlX; < Xy =
X 2] AL+ A2
3. Let Xi,...,X,, be independent exponential random variables with parameter A1, ..., \,, respectively. Then,

Y = min{Xy,...,X,} is exponential with parameter \; + ...+ A,

The last two properties are particularly interesting because they are related to the first event that happens
among a list of independent events “competing”.

Example 4.3 (Example 5.8 from the textbook). Suppose that a post office has two clerks. Clerk i takes an
exponentially distributed time with rate A; to process customers’ requirements. You arrive at the post office when
both clerks are busy and no one else is waiting in line, that is, whenever the first clerk is free, you start being served.
Let T be the amount of time that you spend at the post office. Compute E[T].

Solution. The time that you take in the post office depends on which clerk serves you, that is, of the customer
that leaves the system first.

Let R; be the remaining time of the customer at clerk 4, for i = 1,2. By the memoryless property, R; is an
exponential random variable with parameter \;. Then,

E[T] =RE[T|R; < Ry)P[R; < Ry]+E[T|R; > Ry P[R; > Ry
A Ao
AL+ Ao A1+ A2

:E[T|R1<R2} +E[T|R1>R2]

Finally, we compute E [T'| Ry < Rs]. Let S be your service time. Then,

E[T|R, < Ro] =E[Ry + S| Ry < Ro]
=E[Ri|R1 < Ro]+E[S| Ry < Ry
=E [min Ry, Ry] + E[S| R1 < Ry
o 1
DYDY 4—)\71

where we used property 3. to compute E [min{ Ry, Rs}] in the last step. Similarly,

1 1
ET| R >R))=—"F+—
TIR > Bo = =0+ 5,
Putting everything together we obtain
3
E[T] =
=

4.2 The Poisson Process

The exponential distribution gives us the lifetime of a device, or the time that a customer spends being processed
by a server. We now switch to the number of events that happen in a given interval of time. For example, how
many devices die in an interval, or how many customers finish service. We start with a basic definition.
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Counting processes

Definition 4.3. A stochastic process {N(t) : t > 0} is said to be a counting process if N(t) represents the total
number of events that happen by time t.

A counting process satisfies the following properties:
(i) N(t)>0forallt >0

(ii) N(t) only takes integer values

(iii) N(t) is nondecreasing in ¢, that is, if 0 < s < ¢, then N(s) < N(¥)

(iv) For 0 < s < t, N(t) — N(s) represents the number of events that occur in the interval (s, t].
Examples of counting processes are:
e Number of people who enter a store. Here, an event corresponds to a person entering the store
e Number of people who were born
e Number of goals that a soccer player scores

e Number of holes in the I-64. Here we need to fix the origin, and ¢ represents the distance to the origin in one
direction.

Since the counting processes need to be increasing, the number of people in the store of the number of alive people
are not counting processes.

Definition 4.4. A counting process {N(t) : t > 0} is said to possess:
(a) Independent increments if the number of events that occur in disjoint time intervals are independent. Math-
ematically, if 0 < s <t <u, then N(u) — N(t) is independent of N(s). Further, N(t) — N(s) is independent
of N(s).
(b) Stationary increments if the distribution of the number of events that occur in any interval of time depends

only on the length of the time interval. Mathematically, if s,t > 0, then N(t + s) — N(s) has the same
distribution than N (t).

The number of people who were born may not have independent nor stationary increments, for the following
reason.

o If N(t) is very large, then chances are that a lot of people are alive. Therefore, we expect that more people
will be born and, hence, we expect that N(¢') — N(¢) will be large for ' > t. However, if N(t) is small we
expect that N(¢') — N(¢) will also be small.

e If N(t) had stationary increments, then the rate at which population grows would be constant. However, it
is well known that this is not true.

Definition of the Poisson Process

We now formally define a very special and useful counting process. But before, we introduce the following notation.
We say that a function f(h) is o(h) if

_f(h) _
w0
that is, if f(h) decreases to 0 faster than h.

Definition 4.5 (Definition 5.2 from the textbook). The counting process {N(t) : t > 0} is said to be a Poisson process
with rate A > 0 if:

(i) N(0) =0

(i) {N(t):t > 0} has independent increments
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(iii) P[N(t+ h) — N(t) = 1] = Ah + o(h), that is, for small values of h, P[N(t+ h) — N(t) = 1] = Ah
(iv) PIN(t+ h) — N(t) > 2] = o(h), that is, for small values of h, P[N(t+h) — N(t) > 2] =0
In words, the last two properties say that in small intervals of time, the probability of having 1 event is

proportional to the rate A and the probability of having 2 or more events is nearly 0. That is, there are no
simultaneous events.

Definition 4.6. For integer numbers i, let T; be the time between the i and the (i — 1) event. Then, {T; :i =
1,2,3...} is the sequence of interarrival times.

Additionally, define S, = Ty +---+ T, as the time of the n*"* event.

Pictorially, the counting process N (t), the interarrival times T; and the times of events S,, have the following
relationship:

¢ —% -t Pk )'t‘m\-e

Then, N(¢) = 3 and observe that S; <t and Sy > t.
Proposition 4.2. T1,T5, ... are #id exponential random variables with parameter A

We skip the proof, but it is based on a differential equation that we can build using properties (iii) and (iv)
from the definition, and by the independent increments property.

As a corollary, we can easily conclude that S,, is a Gamma(n, \) random variable.

The following result gives us the pmf of N(¢), and is essential for the rest of the chapter.

Theorem 4.3 (Theorem 5.1 from the textbook). If {N(t) : t > 0} is a Poisson process with rate A, then N(t) is
a Poisson random wvariable with rate X\t. That is,

P[N(t):n]:ﬁﬂ Vn e Zy

Observe that if {N(t) : t > 0} is a Poisson process, then {Ng(¢) : t > 0} with N(t) = N(t +s) — N(s) is also a
Poisson process. By the last theorem, we know that

Therefore, the Poisson process has stationary increments.
Example 4.4. Suppose that people immigrate into a territory according to a Poisson process with rate 2 per day.
(a) Find the probability that 10 immigrants arrive in the following week (7 days)
(b) Find the expected time until we have 20 immigrants
Solution.

(a) We use the theorem:
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(b) Here we obtain E [Sao] = 22 = 10.
O

Example 4.5. Cars pass a certain street location according to a Poisson process with rate A. A person who wants
to cross the street at that location waits until she/he can see that no cars will come by in the next T time units.

(a) Find the probability that the person waits 0 time units
(b) Find the expected waiting time of the person.
Solution.

(a) The person does not wait if the time of the first car (event) is greater than T, that is

P[Ty > T]=P[N(T)=0] = e T

o compute the expected waiting time we condition on the arrival of the first car. Le e the waiting
b) T te th ted iting ti diti th ival of the first Let W be th iti
time. Then,

E[W]=E[E [W|T1]] (tower property)
=E[W|T, > T|P[Ty > T)+ E[W | T} < T|P[T} < T]
—0xP[Ty > T+ (EW]+E[T| Ty <T)P[T) <T]

where P[T} < T] =1 — e T and

E[T|T) < T] :/ t frm <7 (t)dt
0

T
[ dn
o Py <T]
1 T — At

1 1— e MO +1)
o P[Tl < T] ( A >

Hence, we obtain

1_(13_”) <16AT)\(AT+1)>

_ 1 1—eM — \Te T

) (5 )
1

=3 £

O

Before digging into some of the most important properties of the Poisson process, let’s get a closer look at the

relationship between N(t) and S,,. Indeed, the equivalences we write below are true for any counting process such
that the interarrival times are independend.

Proposition 4.4. Let {N(t) : t > 0} be a counting process, T1,Ts, ... be the interarrival times and S,, = ST,
that is, S, is the time of the n'* event. Then,

(1) {N(t) =n} = {Sn < t, Suy1 > t}

(2) {N(t) <n} ={S, > t}. Observe that both inequalities are strict.

45



The proof follows easily after carefully plotting an example.

Os

7 ™
Dy
L
4 . -~
—
% . = -~ - - — o
o > '|:.Im-e
N = &

In the figure, N(t) = 4 and observe that saying S4 < t is not sufficient because we also have S5 < t. To ensure
N(t) = 4 we need both: Sy < t and S5 > t. For the second case, observe that N(¢) < n is saying that less than
n events have occurred by time ¢. In the picture, we can say N(t) < 5. Equitalently, we can say that the time at
which the n*" event occurs has not come yet, which is equivalent to saying S,, > t. In the picture, S5 > t.

Properties of the Poisson process
We start with a property called Poisson splitting.

Proposition 4.5. Suppose {N(t) : t > 0} is a Poisson process with rate A. Each of the events is of type I with
probability p and of type II with probability 1 — p. Let N;(t) be the number of type-i events occurring in [0,t] for
1 =1,2, and observe N(t) = Ni(t) + Na(t).

Then, {Ni(t) : t > 0} and {Na(t) : t > 0} are independent Poisson processes with rates Ap and A\(1 — p),
respectively.

The proof is easy, and follows after verifying the properties from the definition of Poisson process. We skip it.

Example 4.6 (Example 5.15 from the textbook). Suppose that offers to buy an item you are selling arrive according
to a Poisson process with rate \. Each offer is the value of a continuous random variable Y with pdf f(y). Once
the offer is presented, you must either accept it, or reject it and wait for the next offer.

Suppose that you incur in a cost of ¢ per unit time until the item is sold. Your objective is to mazrimize your
expected total return, and suppose you accept the first offer that is greater than some pre-determined value y. What
is the expected return in terms of y?

Solution. Let X be the value of an offer, and F'(x) be its cdf. Then, the probability that an offer is for a value
higher than y is 1 — F(y). Using the property above, offers with a value higher than y are a Poisson process with
rate A(1 — F(y)). Hence, the time until the next offer with value higher than y is m

We compute the expected return in terms of y. Let R(y) be the total return from the policy that accepts an
offer larger than y. Then,

E [R(y)] = E [accepted offer] — ¢E [time to accept]

~EIX1X >3- 5750

:/0 T fx|xsy(2) do — M1 —F(y))

:/mmjszdx_ggg;g,
gy  P[X >y M1 - F(y))

([ e
O

The inverse of the property described in Proposition 4.5 is that the sum of two Poisson processes is also a
Poisson process. We formally state it below.
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Proposition 4.6. For i = 1,2, let {N;(t) : t > 0} be a Poisson process with rate \;, and suppose they are
independent. Then, defining N(t) = Ny(t) + Na(t) we obtain that {N(t) : t > 0} is a Poisson process with rate
AL+ As.

Conditional distribution of the arrival times

Independent and stationary increments of the Poisson process make it very easy to deal with. So far we have been
studying the probability of observing a certain number of events in a fixed interval of time. Now we will focus on
a fixed number of events and we will study their arrival time.

Suppose we know that exactly one Poisson event occurre in the last ¢ units of time. Can we get an idea of
the exact time at which it happened? Since the Poisson process has independent and stationary increments, this
question is very easy to answer. Indeed, for any 0 < s < ¢t we have

P[T, < s, N(t) = 1]

PT < s|N(t)=1] =

PIN(t) = 1]

_ P[N(s) =1, N(t) — N(s) =0]
PIN(t) = 1]

= PIN(s) P][i[@]\; t: I] N(s) = 0] (independent increments)
_ P[N(s) =1]P[N(t —s) = 0] : :
= PING) = 1] (stationary increments)
(e )11 () S
= 3 ()] (Poisson distribution)
Tt

which is the cdf of a uniform random variable in [0, ¢].

This result can be generalized to conditioning on N(t) = n and computing the joint density of the time of
occurrence of events in [0,¢]. In English, the result says that under the condition N(¢) = n, the times Si,...,S,
at which the events occur, considered as unordered random variables, are distributed independently and uniformly
in the interval (0,¢). We state the formal result below.

Theorem 4.7 (Theorem 5.2 from the textbook). Given that N(t) = n, the n arrival times Si,...,S, have the
same distribution as the order statistics corresponding to n random variables uniformly distributed on the interval
(0,1), that is

n!

Is1,8n IN@) (81, 8nln) = e

The expression above means that each of the n events has density 1/¢ and they are independent. Hence, we get
1/t™. Since there are n! ways to order n events, the density must be multiplied by this factor.

Example 4.7 (Exercise 5-64 from the textbook). Suppose that people arrive to a bus stop in accordance with a
Poisson process at rate A. The bus departs at time t (fized). Let X be the total waiting time of all those who get
on the bus at time t, that is, if there are two people at the bus stop by time t, the first person arrived at t/3 and
the second one at t/2, then X = 2t/3 +t/2. Determine Var[X].

Solution. The first observation is that X is the sum of the waiting time of all the passengers. Then, if W;
denotes the waiting time of the i*" passenger,

Since X depends on the counting process N(t), we solve this problem using the law of total variance as follows:
Var [X] = Var [E [X|N(¢)]] + E [Var [X|N(¢)]]

We compute each of the terms. Since we are conditioning on the number of evens in the interval (0,¢], the
arrival time of each of the passengers is uniform and the arrival time of different passengers are independent. That
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is, the arrival times of the N(t) passengers are i.i.d. uniform random variable in (0,t). If a passenger arrived at
time s, then his/her waiting time is t — s. Hence, the waiting times are also i.i.d. random variables with Uniform
distribution in (0,¢). We obtain

N(t)
E[XINW]=E | > Wi|N()

=1

(W1 | N ()] (since W;|N(t) are i.i.d. random variables)

Then, we obtain

t] At3
Now we compute the second term. Under similar reasoning, we obtain
N(t)
Var [X|N(t)] = Var | Y~ W;| N(¢)
i=1
N(t)
= Z Var [W; | N(t)] (since the W;’s are independent)
i=1
= N(t)Var [W; | N(¢)] (since the W;’s are identically distributed)
2
= N(t)E (since Var [U(0,t)] = t2/12)
Therefore,
EVar [N () = BN = 22
' 12 12

Putting everything together, we obtain

3 a3
Var [X] = M =

1 T2 T3
O

In the next example we study a queueing model with infinitely many servers. That is, the customers do not
wait in line because there is always a server available. One application of this model is self-service systems.

Example 4.8 (Example 5.18 from the textbook). Suppose that customers arrive at a self-service station according
to a Poisson process with rate A. The time each person takes to complete their request has cdf G, and each person’s
service time is independent from everybody else’s and from the number of people in the system. Let X(t) denote
the number of customers that have completed service by time t and Y (t) the number of customers in the system at
time t. Compute the distribution of X (t) and Y (t).

Solution. An equivalent way to define X (t) is as the number of customers that arrived to the system at some
time s < t and their service time is below ¢ — s. Similarly, Y (¢) is the number of customers that arrived to the
system at some time s < ¢t and their service time is larger than ¢t — s.

Hence, a convenient way to solve this problem is by conditioning on the number of customers that have arrived
to the system by ¢, denoted by N(t). Then, the arrival time of each customer is uniform and we can solve.

Let’s start with X (¢). First observe that, since the arrival times given N(t) are uniform in (0,t), we have

PX(t)=1|Nt)=1]= /0 PP [service time <t — s|N(t) = 1] fu (o, (s) ds

‘ 1
:/G’(t—s)fds
0 t
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and let’s denote
t
I = / G(t — s)ds
0

Given the number of events N (t), the arrival time of different customers are independent. Therefore, for n > k we

have
r-siw-o1- () ()" (- )

that is, the customers that leave distribute as a binomial random variable where success is defined as “finishing
service by t”. Therefore, we can compute the distribution of the number of customers that have completed service
by t as follows:

Il
HM8
>
> 3
N
N
~
N
|
~_
1

(reorganizing terms)

That is, X (¢) is Poisson with rate I;\.
To compute the distribution of Y (¢), observe

PY(t) = 1[N(t) = 1] = P[X(t) = 0[ N(t) = 1]

where G(s) = 1 — G(s) is the complementary cdf of the service time. Defining

¢
Tté/ G(s)ds
0

and following similar steps as for X (¢) we can easily show that
e~ Tt (I,t))
4!
In other words, we can define the customers that are still in the system by time ¢ as “type I” and the customers
who leave as “type II”. Then, these two types of customers represent a splitting of the Poisson process. O

Generalizations of the Poisson Process

Before finishing this chapter we will quickly review some of the most important extensions of the Poisson process.

The first extension is the nonhomogeneous Poisson process. In this case, we relax the stationary increments
assumption and we allow the rate to be a function of t. That is, a nonhomogeneous Poisson process { N™(t) : t > 0}
with intensity function A(t) satisfies:
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1. N*"(0) =0
2. {N""(t) : t > 0} has independent increments
3. P[N™(t+h) — N(t) = 1] = AM(t)h + o(h) and P [N""(t + h) — N(h) > 2] = o(h).

4. Define the mean value function

Then, the probability mass function of N™"(¢) is Poisson with mean m(t), that is,

e O m(t)]"

P[N"(t) =n] = p

s+t
5. For every s,t > 0, N(t + s) — N(s) has Poisson distribution with mean m(t + s) — m(s) = / A7) dr

Nonhomogeneous Poisson processes are very useful to model arrivals because many applications see independent
increments, but they have rush hours. Then, it suffices to define A\(t) as a piecewise function and the analysis
becomes pretty simple.

The second (and last) extension we will cover is called compound Poisson process, and it is defined as follows.

Definition 4.7. A stochastic process {X (t) : t > 0} is said to be a compound Poisson process if it can be represented
as

N(t)

X(t) =YY,
=1

where {N(t) : t > 0} is a Poisson process and {Y; : i € Z} is a family of independent and identically distributed
random variables that is also independent of {N(t) : t > 0}.

The compound Poisson process is very useful when we need to assign a cost/reward to each event of a Poisson
process. The following properties are particularly useful. If {N(¢) : t > 0 is a Poisson process with rate A, then

E[X(t)] = ME[Y;] and  Var[X(t)] = ME [Y{]
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5 Continuous-Time Markov Chains (CTMC)

[This section is based on Chapter 6 of the textbook]

Continuous-Time Markov Chains (CTMC) are a class of models that have a very wide variety of real-life
applications. They are similar to the DTMC’s we studied in Section 3, but now we do not require time windows to
observe what happened. Instead, we wait until the next event and observe one event at a time. However, in both
cases the information about past events can be “summarized” in the present state, that is, they both satisfy the
Markovian property. We will see that the time until the next event will be exponential. Therefore, this chapter
can be considered as a mix of the last two chapters.

One of the most celebrated examples of CTMC’s are queueing models, which we will study deeply in the next
chapter. We start defining the model.

5.1 Definition of CTMC

We start with a formal definition.

Definition 5.1. A stochastic process {X (t) : t > 0} taking on values in Z, is a Continuous-Time Markov Chain
if for all s,t >0 and i,j € Z4, x(u) € Zy for all 0 < u < s, we have

PX(t+s)=4|X(s)=1i, X(u) =z(u),0<u<s]|=P[X(t+s)=4|X(s) =1

In other words, Definition 5.1 says that all the information about the states that the chain visited in the interval
[0, s] can be condensed in X (s), that is,

‘The future depends on the past only through the present state. ‘

Another desirable property is that the transition probabilities only depend on the length of the interval, and
not on the “position”. We define below.

Definition 5.2. Let {X(¢t) : t > 0} be a CTMC. If, in addition, P[X (t + s) = j | X (s) = 4] is independent of s, we
say that the CTMC has stationary (or homogeneous) transition probabilities.

In this class, all the CTMC’s will be assumed to have stationary transition probabilities.

Proposition 5.1. Suppose {X(t) : t > 0} is a CTMC with stationary transition probabilities. Then, the time that
the chain stays in each state is exponentially distributed.

We provide a proof sketch for this statement.

Proof. Suppose that the chain enters state i at time 0, and denote T; the time it stays there. Now let’s try to
write the stationary transition probabilities property in terms of T;. Since we want to conclude something about
the time the chain stays at state i, let’s write the stationary property for i = j. We obtain

PX(t+s)=i|X(t)=i=P[T; >t+s|,T; >t.

Hence, the stationary transition probabilities property is equivalent to saying that the time the chain stays in state
i is memoryless. Since we know that the only memoryless distribution is the exponential, we conclude that T; is
exponential for every state . O

The properties we just reviewed give us an equivalent way to define CTMC'’s.

Definition 5.3 (equivalent definition of CTMC). A stochastic process {X(t) : t > 0} having the properties that
each time it enters state i:

(i) The amount of time it spends in i before making a transition into a different state is exponentially distributed
with mean 1/v;

i en the process leaves state i, it next enters state j with some probability p;; that satisfies
i) When th l tate 1, it t ent tate j with bability p;; that sati
pii=0 Vi

sz',j =1
J
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In words, this definition says that a CTMC is a DTMC that spends an exponential time in each state before it
makes a transition to a different state.

Additionally the time spent in each state is independent of the time spent in the previous and future states.

Let’s go through a simple example.

Example 5.1 (Example 6.1 from the textbook). Consider a shoe shine establishment consisting of two chairs.
Upon arrival, a customer goes initially to chair 1, where his shoes are cleaned and polish is applied. After this is
done, the customer moves on to chair 2, where the polish is buffed.

The service time at each chair is exponentially distributed with rate p;, 1 = 1,2. Suppose that potential customers
arrive caccording to a Poisson process with rate \, and a potential customer will enter the system only if both chairs
are empty. Can we model this situation as a CTMC? If yes, provide the rates v; and the transition probabilities.

Solution. Let X (t) be the chair at which the current customer is at, and let X (¢) = 0 if there are no customers.
Then,

Vo =\, VI=[1, Vo= U2

and po;1 = p12 = p2o = 1.
We may additionally draw the transition diagram for this situation. In this case, however, we write the rate at
which the chain goes from one state to the other instead of the probabilities. We obtain

OpN©

M 4*

5.2 Birth-Death Processes
A very important class of CTMC’s are birth-death processes, which we properly define below.

Definition 5.4. A birth-death process is a CTMC with state space Zy = {0,1,2,...} for which the transitions
from state n can only be to state n —1 and n + 1.

For each state n € Z, we use A, to denote the rate at which the chain goes from state n to n+ 1 and p, to
the rate at which it goes from n to n—1. The parameters (A\y,)5> are called birth or arrival rates and (p,)5%, are
called death or departure rates.

Observe that in a birth-death process, we have an arrival/birth if the minimum time until a birth and a death
is the time until a birth. Similarly for departures/deaths. Therefore, we can compute the transition probabilities
using the property of exponential distributed random variables that says: If X; ~ Expo(«;) for ¢ = 1,2, then

aq
P[X; < X3] = ot s
Indeed,
po1 =1
Pnnt1 = )\ni\:,un Vn>1
Pnn—1 = )\nlf:,un Vn>1

Let’s see some examples.
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Example 5.2 (Example 6.2 from the textbook). The Poisson process is a birth-death process with A, = X and
tn =0 for all n.

Since the death rate is 0 for all the states in the above example, it is called a pure birth process.

Example 5.3 (Example 6.5 from the textbook). The M/M/1 queue: Customers arrive to a single-server station
according to a Poisson process with rate A. Upon arrival, each customer goes directly into service if the server is
free. If not, then the customer joins the queue. When the server finishes serving a customer, the customer leaves
the system adn the next customer in line (if any) enters the service.

The successive service times are assumes to be independent exponential random variables with rate L.

Model this system as a birth-death process.

Solution. We let X (t) be the number of customers in the system (considering the one in service, if any). Then,
{X(t) : t > 0} is a birth-death process with A,, = A for all n > 0 and p, = u for all n > 1. O

The notation M ///1 above means that the arrivals are Markovian, the and there
is one server.

Example 5.4 (Example 6.6 from the textbook). The M /M /s system: Consider now a multiple-server station.
Customers arrive according to a Poisson process with rate A. If one of the s servers is available, then the customer
immediately starts service with one of them. If not, the customer joins a centralized queue, that is, there is a single
waiting line for all the customers.

All the servers have the same service rate 1, and the service times are exponentially distributed.

Model this system as a birth-death process.

Solution. We again define the state X (¢) as the number of customers in the system. However, now the rates
are different. We have

Ap = A Vn >0

_fnp ifn<s
fin = s ifn>s

O
We end this section with the following proposition.

Proposition 5.2. Consider a birth-death process with birth rates (Ay)n>0 and death rates (fin)n>1. Let T; be the
time, starting from state i, it takes for the process to enter state i + 1. Then,

IE[TO]:%O and IE[TZ-]:% %E[TH] Vi>1

Additionally, for k < j, the expected time to reach state j starting from state k is
j—1
E [time to go from j to k] = ZE (T3]
i=k
Proof. First observe that E [time to go from j to k] = Zf;,i E [T;] holds by definition of T; because, in a birth-death
process, going from state k to j implies that we need to pass through all the states in between.
Now we show the recursive equation. For state 0 there is nothing to prove because the chain can only go to

state 1 if it’s currently at state 0, and the expected time spent in state 0 is 1/Ag.
To prove the result for ¢ > 1 we condition on the first transition after leaving state i. Define

B 1 if the first transition from ¢ is to 7 + 1
" )0 if the first transition from i is to i — 1

Then, since the expected time spent at state 4 is always 1/(\; + u;), we obtain

1
Ai + i

E[L|L=1]=
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1

E[T¢|I¢:0]:A,+M,

+E[T;1] + E[T]

where the last equality holds because if I; = 0, then the chain goes from state ¢ to ¢ — 1. Then, the time to go to
state ¢ + 1 will be the time until it goes back to state i (represented by E [T;_1]) and the time until it goes to i + 1
(represented by E[T;]).

Then, using the tower property of the expectation, we obtain

E[T}) =E[T;| L, = 1]P[l; = 1] + E[T; | L, = 0] P[L; = 0]

= E|T;_ E|T;
(Aﬁui) (/\H—Mi) * </\i+,ui TE[i] +E ]> (/\iﬂu)

Reorganizing terms we obtain the result. O

Example 5.5. Consider an M /M/1 queue. Compute the expected time until the queue grows by one customer, for
every state i.

Solution. In this case, A\; = A for all i > 0 and u; = p for all ¢ > 1. Then,

E[Ti] = 5
si=1(1+4)
E[Tz]i<1+§+’iz)

1 poow p 1= (/N :
El]=-(l4++=+ -+ |=—""""— Vi>1
(T7] /\(+>\+)\2+ -l-)\2 1>
O
The variance can be computed similarly, but we will skip it in this class. We will now start studying properties
of any CTMC, and we will keep using the birth-death process as an application.

5.3 The transition probability function p; ;(¢)

When we studied DTMC’s, all the information about the next state probability mass function was condensed in
the transition matrix P, which had elements p; ; representing the probability of going to state j if we are currently
at state i. Indeed, when we defined CTMC'’s we also used this definition of p; ;. However, we are also interested in
the time until the next event, we need a more sophisticated definition of the transition probabilities.

Definition 5.5. The transition probabilities of a CTMC, denoted by p; ;(t) represent the probability that a process
presently in state i will be in state j a time t later.

If ¢ is very small, then p; ;(¢) will be positive only if the chain can visit state j immediately after state i.
However, for larger values of ¢ the function p; ;(¢) is more complicated. Indeed, for larger values of ¢ we need to
consider the time the chain remains in state ¢, all the possible transitions from state i, the time the chain spends
in the new state, etc. Even for a pure-birth process, finding an explicit expression for p; ;(t) is complicated.

In the rest of this section we focus on building a set of differential equations that the transition probabilities
pi,;(t) must satisfy. We start with some definitions and lemmas.

Definition 5.6. Consider a CTMC with v; representing the mean time spent at state © and p; ; the probability of
visiting state j immediately after state i. The instantaneous transition rate at which the process makes a transition
from state i to j (i £ j) is

A
qi,j = ViDij
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Observe that

v

i
vi=y ay; and  piy =~
i

Hence, g; ; for all 7, j completely defines the CTMC.
The following lemmas relate p; ;(t) to ¢; ; and will help us to work with p; ;(¢).

Lemma 5.3 (Lemma 6.2 from the textbook). Consider a CTMC with instantaneous transition rates g; j, mean

time spent at state i v;, and transition probabilities p; ;(t). Then,

1—ps: -
lim M =y and lim
h—0 h h—0

pigh)
= a4,

Proof. We will skip the proof of the lemma, but let us analyze what it says intuitively. First, notice that 1 —p; ;(h)
represents the probability that the chain leaves state ¢ in h units of time to any other state j # . In other words,
1 — p;,i(h) is the probability that a transition occurs before h. Since the time until the next transition is Exzpo(v;),
the probability that there is at least one event in h time units is v;h + o(h) (relating to the Poisson process order
property).

Similarly, p; ;(h) represents the probability of leaving state ¢ and being in state j after h time units. As h gets
small, the probability of making more than one transition rapidly decreases to zero. Hence, p; ;(h) approaches the
rate at which the process leaves the current state and goes to state j, that is, g; ;. O

Lemma 5.4 (Lemma 6.3 from the textbook). Chapman-Kolmogorov equations: Consider a CTMC, and let
s,t > 0. Then,

pZJ t+5 szk pk,y

Similarly to DTMC’s, this property is true due to the Markovian property. Hence, we can easily prove it using
the law of total probability and conditioning on X (t).

Now that we know how to deal with transitions in small intervals of time, and we know that Chapman-
Kolmogorov equations hold, we are ready for our system of differential equations.

Theorem 5.5 (Theorem 6.1 from the textbook). Kolmogorov’s backward equations: For all states i,j and
times t > 0, we have

Pl 4( Z Qi kPr,j (t) — vipi (1)
k#i

The proof comes immediately from the definition of derivative and the previous two lemmas.

Proof. By definition of derivative, we have

/ o pij(t+h) —pi(t)
pii(t) = }ng%) h

The numerator can be reorganized as follows using Chapman-Kolmogorov equations:
pij(t+h) —pij(t sz k(R)pk,j (t) — pij(t)

= sz k(R)prj(t) + pii(h)pi j(t) — pij(t)
k#i

=D pi(R)pr () = pig(8) (1 = pii(h))

ki
The rest of the proof holds using Lemma 5.3 in the limit. O
Example 5.6 (Example 6.10 from the textbook). Compute the backward equations for:

(a) A pure-birth process
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(b) A birth-death process
Solution.
(a) In a pure-birth process, p; ; = 1if j =4+ 1 and 0 otherwise. Similarly, ¢; ;41 = A; = v;. Then, we obtain
Pi () = Nipig1,5(t) — Nipi 5 (t)
(b) In a birth-death process, we have

, and p;i_1 = .
Ai 4 pi P = N

v =N+ Hiy Qi+l = i Qii—1 = Hiy,  DPii+1 =

for all ¢ > 0, where pg = 0. Then, the backward equations are:
Po.;(t) = Aop1,; (t) — Aopo,; ()

Pi () = Aipig1,5 () + pipio1,5(t) — (Ni 4 pi)pi (1)

O
The Kolmogorov backward equations completely determine the behavior of the CTMCs in short periods of time.
Indeed, for many systems one can easily solve the equations and get information about the state of the chain at,
say t = 10. However, in this class we are more interested in the long-run behavior of the CTMCs, so we will not
focus on solving the transient.
When we derived Kolmogorov’s backward equations, we wrote

pljt+h szk pk;

However, we can equivalently write

pz]t+h szk pk]

This change in the use of Chapman-Kolmogorov equations leads to the following theorem.
Theorem 5.6 (Theorem 6.2 from the textbook). Under suitable reqularity conditions,
Py (t) =k pik(t) — vipi ()
k#j
Example 5.7 (Example 6.10 from the textbook). Compute the forward equations for:
(a) A pure-birth process
(b) A birth-death process
Solution. For the pure-birth process we obtain
Pi(t) = Nj—1pij—1(t) — Ajpi (1)
Since in a pure-birth process we can only go from states i to states j > i, we obtain
pii(t) = =Xipii(t)  and  pj;(t) = Ajmapij-1(t) — —Ajpis(t) j > +1
For a birth-death process we obtain

Pio(t) = papii(t) — Aopio(t)
Pi () = Njoapij—1(t) + pyrapi e (t) — (N + py)pi s (t)
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5.4 Limiting probabilities

Analogously to DTMCs, we want to compute the probability of being in state j in the long run, independently of
where the process started. In other words, we want to compute the value of

= lim p; ;(t) Vi

5
7 5

We expect that in the long run, the probabilities p; ;(t) do not change. Then, p;j(t) = 0 for large t. Then, if
we take the limit in the forward equations we obtain:

Jim pj 5 ( ; Grj N pi k(1) — v lim p; (1)
J
= 0= Z Qk,j Tk — VT
Py
— T =) iy (6)

[y

Let’s analyze the set of equations (6). The left-hand side represents the rate at which we leave state j, and
the right-hand side the rate at which we enter state j. Hence, the equations just say that in the long run, the
rate at which we enter a state equals the rate at which we leave the state. Indeed, the equations (6) are called
balance equations.

Observe that in the argument above, we interchanged the limit and the summation, and this step cannot always
be performed. We won’t spend a lot of time on when we can do it. It suffices to know that if the CTMC is irreducible
(all states communicate) and is positive recurrent, then we can interchange the limit and the summation. Hence,
for irreducible and positive recurrent chains, the balance equations give us the limiting probability.

Theorem 5.7. In an irreducible and positive recurrent CTMC, solving the balance equations and Zj m; =1 give
the limiting probabilities m; that the chain is in a state j in the long run.

Observe that in DTMC’s we also required aperiodicity. In this case, we do not need that because we are also
studying the time of permanence in each state (which is exponential).

Example 5.8. Compute the limiting probabilities in a birth-death process.

Solution. The balance equations are:

State ‘ Rate at which leave = Rate at which enter
0 AoTo = M1
1 (A1 4 pa)my = pam2 + AoTo
n>1 ()\n + Mn)ﬂ-n = Mn+1Tpt1 + An—1Tn—1

Reorganizing terms, we obtain

)\nﬂ-n = Pn4+1Tn+1 Yn >0

N

Hence, using that Zj m; = 1 we obtain

o (I
o (i)

Example 5.9 (Example 6.14 from the textbook). Compute the limiting probabilities of an M/M/1 queue.
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Solution. We may use the result from the birth-death process with A, = A for all n > 0 and p,, = p for all
n > 1. However, let’s solve the problem from scratch to practice using the balance equations. Observe that all the
states are similar, except for state 0. Then, we have:

State | Rate at which leave = Rate at which enter
0 ATTQ = T
1 (A4 p)m = ATy + pme
2 (A + p)mo = ATy + pms
i>1 A+ p)m; = A1+ pmiga

Now we solve the system of equations, including the equation

iﬂ—i =1
=0

From the balance equation for state 0, we obtain

A

T = —To

Now, if we add the equations for state 0 and 1, we obtain

ATy + A + pmy = pmy + Amg + pms
()
— o = —7m1 = | — ™0
f Iz
where we used that 71 = (A\/p)7m in the last equality. Now if we add the equations for states 1 and 2, we obtain

ATy + pmy + ATy + pume = Amg + pme + Ay + pms
= um3 = um + Ame — Amg

()
— 3 = | — e
W

where we used that m = (A\/u)mo and mo = (A/u)?7o to obtain the last equation.
If we repeat these steps, we can easily conclude that

A 7
T = (> ) Vz 2 1
1

To obtain the value of my we use that ), m; = 1. We obtain

A 1
1= E — | Mo = if A < p, solving the geometric sum
7 1-2
i=0 m
A

= mp=1—-
1

Hence, we obtain

m:<1_k) (A) Vi >0
n) \

Example 5.10 (Example 6.13 from the book). Consider a job shop that consists of M = 3 machines and one
serviceman. Suppose that the amount of time each machine runs before breaking down is exponentially distributed
with mean 1/ and suppose that the amount of time that it takes to the service man to fix a machine is exponentially
distributed with mean 1/n. What is the average number of machines not in use?

O
Let’s do one more example.
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Solution. Let’s first specify the model. Define X () as the number of machines that are damaged (not in use)
at time ¢. Then, the transition diagram with the corresponding rates at which we go from one state to another is:

A AN A
» ” =
The repair rate is always p because there is only one serviceman. However, the time until the next machine
fails depends on how many machines are working. If 3 machines are working (0 not in use), the time until the
next failure is the minimum of three Ezpo(A) random variables and, hence, it is an Expo(3\) random variable.

Similarly, when 2 machines are working, the time until the next failure is Expo(2\).
Now we compute the balance equations. We obtain

State ‘ Rate at which leave = Rate at which enter
0 3\ = %3t
1 2\ + p)my = 3Amo + pme
2 ()\-’-/J,)’]TQ = 2)\7T1+/L7T3
3 UTT3 = )\7‘(2

We may solve the balance equations, or we may use the formula we obtained for the birth-death process. Let’s
do the last one. We obtain

o — <1+ AN GAVCAVIN (3)\)(2)\)/\>_1 _ ( A a2 Ag)l

— + 1+3—4+6— +6—
I p? I pooopro ol
3\
T — —To
62
T = —5 T
112
63
T3 — 737T0
%

Therefore, the average of machines not in use is:

E[X] = im=m

=0

3\ 1232 18A°
T

5.5 Uniformization

When we defined the transition probabilities p; ;(t) we showed that they satisfy a differential system of equations
that we should solve. However, solving these equations might be considerably hard. In this short section we will
learn an alternative to compute these probabilities. We start with a simplified version of the computation.

Consider a CTMC in which the mean time spent at each state is constant, that is, v; = v for all i. Then, the
amount of time spent at each of the states is an exponential random variable with rate v. Further, the number
of transitions in the interval (0,¢) represents a Poisson process with rate v. Let’s use this information to compute
pi,;(t). We condition on the number of transitions N(t), and obtain

pij(t) = P[X(t) = j [ X(0) =]

=Y PX(t) =j]X(0) =4, N(t) =n]P[N(t) = 1]
n=0

We know exactly what is P [N (t) = n], since {N(¢) : t > 0} is a Poisson Process. To compute P [X (¢) = j | X(0) =4, N(¢t) = n]
observe that the expected time spent in each of the n states the chain visits in (0,¢) is the same. Then, it does

59



not matter in which order or how much time we actually spent after each transition and we can think of these n
transitions as the transitions of a DTMC with transition probabilities p; ;. Therefore,

= o (et
pis(t) = > pl] (m)

n=0

Now let’s generalize to CTMC’s where v; might be different for each state and let ¥ be any number satisfying
v <v Vi

Inspired by the splitting of a Poisson process properties, when the chain is at state ¢, we can pretend that the
time until the next potential transition is an exponential random variable with rate v, but only a fraction v;/v of
the transitions occur. Then, the time until the next transition would be an exponential random variable with rate
v X v;/v = v;. Hence, the CTMC can be thought of as a process that spends an Exzpo(v) time in each state i and
makes transitions to state j with probability

_ 1—% yifi=3j
Pij =9 u p .
> Pij Jifi# g

Using our previous computation, we have that the transition probabilities of any CTMC can be computed as

e n e—yt(yt)n
pi(t) =Py
n=0 ’

The DTMC defined by the transition probabilities p;, ; is often called the embedded DTMC, and the technique

of uniformizing the mean time spent in each state is called uniformization.
Observe that uniformization gives a natural method to simulate CTMC’s.

Example 5.11 (Example 6.23 from the textbook). Consider a two-state CTMC with po1 = p1,0 = 1, and rates
vy = A\, v1 = u. Compute the transition probabilities using uniformization.

Solution. It suffices to use v = A + p. Then,

_ A 7
oo =T N T At
_ A
pO,lz)\_F'u
]510:L

’ A4 p
_ o A
P1,1:1—m:m

Observe that py g = Py o = ##/(A+ ). Then, the probability of transitioning to state 0 is u1/(\ + p1) no matter what
is the current state. Similarly, the probability of transitioning to state 1 is A/(A 4+ p). Hence, for all n > 1 and
i = 0,1 we have

E(',TB) = )\iiu and pgﬁ) - ﬁ
Therefore, applying the uniformization formula we obtain
Poo(t) = ﬁ + ﬁe*OVHA)t
p1a(t) = ﬁ + )\ff_iue*OVHA)t
po1(t) =1—poo(t) = ﬁ (1 _ 6*(>\+u)t)
pro(t) =1—pii(t) = ﬁ (1 - e*@\ﬂi)t)
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6 Simulation

[This chapter is based on the lecture note “Introduction to Discrete-Event Simulation and SimPy Language” by Norm Marloff, Chapters
1 and 2. Available here.]

So far in the semester we have been studying theoretical analysis of some stochastic processes, such as Discrete and Continuous-time
Markov chains, and the Poisson process. We have seen that we can model a very wide variety of real-life problems using these stochastic
processes. Further, we can provide explicit mathematical expressions to understand their behavior. However, the analysis becomes
difficult (or even intractable) quickly as the number of possible states increases.

In this chapter we will quickly review another approach to analyze systems: Simulation. We will still use the models we learned
before to better understand the nature of our real-life systems, and to decide which variables are important. However, we will not
construct expressions anymore. Now we will determine what is important to model, and build some code that will represent the main
characteristics of our system.

We will center on Discrete-Event Simulation. The main idea is that we have a system that evolves in time, and we need to detect
what changes are relevant. These changes, are called events. To make it easier, let’s use an example throughout the chapter.

Example 6.1. We will consider an M/M/1 queue. That is, a single-server queue where the inter-arrival times are exponential with
rate A\, and the processing time of each customer is exponential with rate .

Our goal in this chapter is to construct a simulation that will tell us the mean waiting time of the customers that enter the system
in an interval [0, T).

6.1 Components
There are four main components of a discrete-event simulation, which we list and define below.

(i) State: Variables that capture the main characteristics of the system. In other words, the state answers the question: what are
we observing from the system?

(ii) Clock: We need a variable that keeps track of time, and can alert us of when there are changes in the state(s).

(iii) Events: Depending on the problem, there might be different things that can happen and affect the state of the system. The
most common events in stochastic networks are arrivals and departures.

(iv) Ending condition: Unfortunately, the simulation cannot run forever. Then, we need to establish when the simulation ends.
Some common ending conditions are a simulation horizon, or a number of events to happen.

When we build the simulation, we must make sure that we are also able to generate random numbers and do some output analysis
(statistics). Most languages have packages that do that, so we will not focus on those.
In the example of the single-server queue, we have the following components:

(i) State: Number of customers in the system
(ii) Clock: When we build the simulation, we just need to keep track of time
(iii) Events set: Arrivals and departures

(iv) Ending condition: Until the clock hits T

6.2 Simulation paradigms

There are different ways to carry out discrete-event simulations. In this section we discuss three paradigms, all sharing the four
components described above.

6.2.1 Fixed-increment time (or activity oriented) paradigm

As the name says, under this paradigm we discretize time. Then, we keep track of what happened in each time slot. Under this
approach, we model our system as a DTMC.

Below we provide a pseudo-code associated to the single-server queue example. Suppose that the set of time slots to revise is T,
and recall that we want to study the average waiting time. Then, we need to keep track of the waiting time of each customer and the
number of customers we process. One way to keep track of the waiting times is to keep an array that represents the queue, and in
each entry, save the arrival time of each customer. Of course, we need to update the queue whenever a customer leaves and we should
estimate how long the queue will be to make sure we have enough slots in the array.

61


https://heather.cs.ucdavis.edu/~matloff/156/PLN/DESimIntro.probability density function

0. Initialization:
Set time slots T
Set clock t < 0, state ¢ < 0
Generate next arrival: a < Exzpo())
Generate next departure: s < co
Initialize queue vector: guec < (0,0,0,0,0...)
Initialize cumulative waiting time w < 0 and total number of processed jobs n < 0

1. Simulation loop:
For every t € T:

o If t = a (that is, if there is an arrival),
Add new customer to the queue: ¢ < ¢+ 1, quec(q)
Generate new arrival time: a «+ t + Ezpo())
If the server was empty, start a new server: If ¢ = 1, generate s < Expo(u)

e If t = s (that is, if there is a departure),
Update statistics:

— Cumulative waiting time: w < w + quec(1)

— Number of customers: n < n + 1

Update queue: for every i € {1,...,q}, do quec(i) < quec(i + 1)
Update number in system: ¢ < ¢ — 1
Generate next departure: If ¢ > 0, generate s < Expo(u). Otherwise, s < oo.

2. End: Return w/n as mean waiting time.

Observe that we are looping through all the elements of 7. Then, if our discretization is too fine, nothing will happen in most of
them. Also, the discretization should be so fine that at most one event happens in each slot. We can also simulate in discrete time, as
in a DTMC. However, we lose too much information because multiple events can happen in the same slot.

We can avoid all this trouble if, instead, we follow the next-event time (a.k.a. event-oriented) simulation paradigm.

6.3 Next-event time (a.k.a. event-oriented) paradigm

Under this paradigm we do not discretize the simulation horizon. Instead, we immediately advance the clock until the next event.
That is, we check the minimum time of occurrence among the events in the event set, and we advance the clock. Then, we update the
system according to what is the event (arrival or departure in the example), and we generate the next event.

The following flowchart shows a pesudocode.

Advantages of the next-event time paradigm are its simplicity and flexibility. These models are very easy to code and modify for
debugging or to evaluate different scenarios. However, they can only model discrete events and state spaces. If we wanted to observe
the evolution of the system while a customer is being served, for example, we cannot use the next-event time paradigm. Instead, we
have to use the continuous simulation paradigm.

6.4 Continuous simulation (a.k.a. process-oriented) paradigm

Here the model is very similar to the next-event time paradigm. The main difference is that now we build the simulation in modules,
and we need an additional “main” module that manages the simulation.

The main advantage of this paradigm is the flexibility to model discrete and continuous events. However, it is not as easy and
flexible as the next-event time paradigm. Most of the commercial simulation softwares (such as Arena or SIMIO) use this paradigm,
but we won’t use this paradigm in this class.
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7 Queueing Theory

[In this chapter we take some elements of Chapter 8 of the book]

In this chapter we cover a quick overview of nonmarkovian queueing systems. We have been using queues with Poisson arrivals
and exponential service times as examples of CTMC’s. However, these models might be idealistic in some scenarios. In this chapter
we will cover a quick overview of what can be done in cases of a general distribution of interarrival or service times (or both). We start
with some preliminary overviews.

7.1 Preliminaries

One of the most beautiful equations in queueing theory is Little’s law. Its beauty is due to its simplicity and usefulness. Let’s define
some notation and we will then present the equation.

Define:
L = Average number of customers in the system
Lg = Average number of customers waiting in line
w = Average time a customer spends in the system
Wqg = Average time a customer spends waiting in the queue
A = Average arrival rate of entering customers

Then, Little’s law establishes:
L=\W and Lo = \Wqg

These very simple equations are valid for most queueing systems, regardless of the arrival process, service time distribution, number of
servers and queue discipline.
The next property is another reason why the Poisson process is so important.

Proposition 7.1 (PASTA: Poisson Arrivals See Time Averages). Let mp be the limiting probability of having n customers in the
system, and an be the proportion of customers that encounter n in the system upon arrival. Then, if the arrivals occur according to a
Poisson process, we have

Tn = Qn n

The proof relies on the independent increments property. The main idea is that having an arrival at time ¢t gives no information
about the past. Then, the conditional distribution of what an arrival sees is equal to the unconditional distribution of the state of the
system.

PASTA seems like a reasonable property for most distributions. However, not all distributions satisfy it. Let’s see a short counter-
example.

Example 7.1 (Example 8.1 from the textbook). Consider a queueing model in which all the customers have service time equal to 1,
and the inter-arrival times are uniformly distributed in (1,2).
The interarrival times are always greater than the service times. Hence,

apg =1
However,
o < 1

because the system is not always empty.
Here, PASTA fails because if there is an arrival at t, we immediately know that there was no arrival in the interval (t —1,t). That
s, having an arrival at t gives us information about the past.

Let’s see another example. This time, we use PASTA to simplify computations.
Example 7.2 (Example 8.2 from the textbook). People arrive at a bus stop according to a Poisson process with rate . Buses arrive
at the stop according to a Poisson process with rate p, and each arriving bus picks up all the currently waiting people.
(a) What is the mean number of customers waiting at the bus stop, at any time?

(b) What is the mean number of customers that each bus picks up?

Solution.
(a) We use Little’s law. Using the notation introduced before, we are trying to compute Lg.

The time between buses is Expo(u) and, since the exponential distribution is memoryless, the average time between buses equals
the average time each customer waits. Then,

1
I

Therefore, the average number of customers waiting in the bus stop is

Wq =

A
Lo =X\Wg = —
o
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(b) Now let

X; = Number of people picked up by the i*® bus
T; = Time between (i — 1)** and *" buses

Then, we know

E[X;]=E[E[X;]|Ti]] (tower property of expectation)
=E [\T3] (mean number of events of a Poisson process)
A

Observe that both numbers are equal, even though the random variables are different. In the first case, we compute the average
number of people in a bus stop at any time. In the second case, we only look at the number of customers exactly when the bus arrives.
Since the bus arrivals are Poisson, both quantities are exactly the same.

O
When we drop the exponential assumption for inter-arrival or service times, there is not much we can do. In other words, the
problems rapidly become intractable. In the next section we illustrate the M/G/1 queue.

7.2 The M/G/1 queue

The M/G/1 queue is a single-server queue where the customers arriva according to a Poisson process with rate A, and the processing
time of each server is a random variable with a general distribution with cdf G.
A generalization of Little’s law is as follows. Imagine that entering customers are forced to pay money to the system. Then,

E [money that enters the system] = AE [money an arriving customer pays]

Little’s law is a consequence of establishing that every customer pays $1 per unit time spent in the system.
If we now assume that each customer pays at a rate of y per unit time when his/her remaining time in the system is y, then we
obtain

E [money that enters the system] = E [remaining work in the system] = Wg

where the last equality holds by PASTA, because W, is the work in the system seen by an arrival.

Now, to compute the amount of money paid by a customer, let’s define S as the customer’s total service time, and wq the waiting
time (as a random variable, not average). Then, since the remaining service time is S whenever the customer is in the queue, and S —z
when the customer has been at the server for x units of time, we obtain

S
E [money an arriving customer pays] = E |:SwQ —+ / (S —=x) dm}
0

Since the service times of the customers are independent and identically distributed, S is independent of the waiting time. Hence,

E [Swq] =E[S]E [we] =E[S]wq

S S S2
/ (S—x)da}:/ rdr = —
0 0 2

On the other hand,

Then,

S2
E [money an arriving customer pays] = E [S] Wg + o

Putting everything together,
E [S?]
Wgo =X E[S]WQ-"-T
AE [52]

= Wo= 3053
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