
MATH 106 ? Elementary Probability and Statistics ? Instructor: Daniela Hurtado-Lange

CHAPTER 9: ESTIMATING THE VALUE OF A PARAMETER

[This chapter is based on Chapter 9 of the textbook]

In Chapter 8 we learned that statistics, such as the sample mean x and the sample proportion p̂, are random
variables. We studied their mean, standard deviation and distribution.

In statistics, our goal is to say something about population parameters using sample statistics. In this chapter,
we learn how to estimate the value of a parameter using a statistic. We start with a definition.

Definition 9.1. A point estimate is the value of a statistic that estimates the value of a parameter.

In other words, when we compute a statistic for a specific sample, we are computing a point estimate of the
population parameter. That is, if we want to estimate the population parameter, we may use the sample statistic.
This inference is called point estimate. In the rest of this chapter we will learn about two point estimates: the
sample proportion and the sample mean.

We already know how to compute the point estimates for the population proportion and the population mean.
The point estimate for the population proportion p is the sample proportion

p̂ =
x

n

and for the population mean is the sample mean

x =
x1 + x2 + · · ·+ xn

n

9.1 Estimating a population proportion

Let’s start with a quick example.

Example 9.1. The Gallup Organization conducted a poll in which a simple random sample of 1016 Americans
18 and older were asked, “Do you consider the amount of federal income tax you have to pay is fair?” Of the
1016 individuals surveyed, 558 said yes. Obtain a point estimate for the proportion of Americans 18 and older who
believe the amount of federal income tax they pay is fair.

Solution. We compute the sample proportion as follows:

p̂ =
x

n
=

558

1016
= 0.549

Then, we estimate that 54.9% of Americans 18 and older believe that the amount of federal income tax they have
to pay is fair.

As we learned in Chapter 8, the sample proportion is a random variable and depends on the sample. If we take
a different sample, we may obtain a different proportion. For example, if we ask a different group, we may obtain
that 49% of adult Americans believe that the amount of federal income tax they pay is fair.

A common practice in statistics to deal with this issue is reporting an interval and a level of confidence instead
of a point estimate. For example, we may say that we are 90% confident that the proportion of adult Americans
who believe that the amount of federal income tax they pay is fair is between 49.9% and 59.9% or, equivalently,
54.9%± 5%.

If we want to increase the level of confidence, it means that we are more sure about our statement. Hence, the
width of the interval we can give increases. For example, we may say that with 95% of confidence, the proportion
of adult Americans who believe that the amount of federal income tax they pay is fair is 54.9%± 7%.

We just made up those numbers, but we will learn a systematic way to compute them. Let’s start with a
definition.

Definition 9.2.

(i) A confidence interval for an unknown parameter consists of an interval of numbers based on a point estimate.
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(ii) The level of confidence represents the expected proportion of intervals that will contain the parameter if a large
number of different samples is obtained. The level of confidence is denoted (1− α) · 100%.

For example, a 90% level of confidence represents α = 0.1 and implies that if a 100 confidence intervals were
constructed, we expect (or, on average) 90 of them will include the parameter and 10 will not.

Confidence intervals are typically represented as follows:

point estimate±margin of error

To compute the confidence interval we use what we know about the sample proportion p̂. Recall:

• The mean of the sample proportion is the population proportion: µp̂ = p

• The standard deviation of the sample proportion is σp̂ =

√
p(1− p)

n

• If the sample is small with respect to the population (less than 5%) and the sample size is large enough
(np(1− p) ≥ 10), then the sample proportion is normally distributed.

In a standard-normal distribution, 95% of the values are between z = −1.96 and z = 1.96. We can compute
these numbers using the standard-normal table. Therefore, 95% of the values of any normal distribution are within
1.96 standard deviations from the mean, as shown in the following picture:

Hence, 95% of the sample proportions p̂ will satisfy:

p− 1.96σp̂ < p̂ < p+ 1.96σp̂

However, we want to use p̂ to compute the extremes of the interval and have p in the middle. With some algebraic
manipulations, we obtain

p̂− 1.96σp̂ < p < p̂+ 1.96σp̂

that is, with 95% confidence, the parameter p lies in the interval

p̂± 1.96σp̂

Definition 9.3. The margin of error of a confidence interval is half of its width.

For example, a 95% confidence interval for the population proportion has margin of error 1.96σp̂. Before moving
on, let’s introduce some notation.

From now on, we will use zα to denote the value of a standard-normal random variable such that the
area to the right of the value is α. Since the normal density function is symmetric, we have

P (Z ≥ zα) = P (Z ≤ −zα) = α

For example, based on the analysis above, z0.025 = 1.96.
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We just constructed a confidence interval for α = 5%, that is, with a level of confidence 95%. In practice, we
can construct conficence intervals for any confidence level α. To do it, we must remember that (1 − α) · 100% is
the area under the normal curve that we want to cover, and the left and right tail need to weigh the same. In the
following figure we illustrate this idea:

Then, we obtain the following general confidence interval:

p̂− zα
2
σp̂ < p < p̂+ zα

2
σp̂

We always can obtain the value zα
2

from the standard normal table, but here are some of the most frequently
used:

Level of confidence (1− α) · 100% Area in each tail α
2 Critical value zα

2

90% 0.05 1.645
95% 0.025 1.96
99% 0.005 2.575

An important observation is that the confidence level is in the method; not in the interval. In other words, 90%
confidence means that the method works for 90% of all the samples. The level of confidence is not the probability
that the parameter lies in the interval.

Constructing confidence intervals

The following result shows us how to compute a (1− α) · 100% confidence interval for a population proportion.

Theorem 9.1. Suppose that a simple random sample of size n is taken from a population. A (1 − α) · 100%
confidence interval for p is given by

p̂± zα
2

√
p̂(1− p̂)

n

where n is the sample size and p̂ is the sample proportion.
The margin of error of the confidence interval above is

E = zα
2

√
p̂(1− p̂)

n

Note that we must have np̂(1− p̂) ≥ 10 and n smaller than 5% of the population size to construct this interval.

Notice that we use the sample proportion p̂ instead of the population proportion p to estimate the standard
deviation of p̂.

Let’s do an example.

Example 9.2. In the Parent-Teen Cell Phone Survey conducted by Princeton Survey Research Associates Inter-
national, 800 randomly sampled 16- to 17-year-olds living in the United States were asked whether they have ever
used their cell phone to text while driving. Of the 800 teenagers surveyed, 272 indicated that they text while driving.
Obtain a 95% confidence interval for the proportion of 16- to 17-year-olds who text while driving.
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Solution. We use the theorem above. The first step is to compute the point estimate p̂. We obtain:

p̂ =
x

n
=

272

800
= 0.34

Next, we check that the conditions are satisfied. Indeed, 800 is below 5% of teenagers in the United States and

np̂(1− p̂) = 800 · 0.34 · 0.66 = 179.52 ≥ 10

Hence, we can compute the confidence interval as indicated in the theorem.
We want a 95% confidence interval, so α = 1 − 0.95 = 0.05 and α

2 = 0.025. Using the standard normal table
(or the summary table above), we obtain

zα
2

= 1.96

Hence, the margin of error is

E = zα
2

√
p̂(1− p̂)

n

= 1.96

√
0.34 · 0.66

800

= 0.033

and the confidence interval is

0.34± 0.033

Therefore, the lower bound is

0.34− 0.033 = 0.307

and the upper bound is

0.34 + 0.033 = 0.373

Hence, we are 95% confident that the proportion of teenagers who text while driving is between 0.307 and 0.373

Example 9.3. For the above example, construct a 99% confidence interval and compare your answers.

Solution. We already know that the assumptions are satisfied. All we need to do is compute the interval again.

In this case, α = 1− 0.99 = 0.01 and
α

2
= 0.005. Using the standard-normal table, we obtain

zα
2

= 2.575

Then, the new margin of error is

E = zα
2

√
p̂(1− p̂)

n

= 2.575

√
0.34 · 0.66

800

= 0.043

Then, the confidence interval is

0.34± 0.043

that is, the lower bound is

0.34− 0.043 = 0.297
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and the upper bound is

0.34 + 0.043 = 0.383

When we increased the confidence level from 95% to 99%, the margin of error increased from 0.033 to 0.043.
Hence, the confidence interval became wider.

If we look at the margin of error (width of the confidence interval) observe that it depends on the confidence
level α, the point estimate p̂ and the sample size n. We already learned how the confidence level affects the interval.
The next question we address is how big should the sample size be to obtain a certain margin error.

Theorem 9.2. If we have an estimate of p̂, the sample size required to obtain a (1− α) · 100% confidence interval
for p with a margin error E is given by

n = p̂(1− p̂)
(zα

2

E

)2
rounded up to the next integer.

If an estimate of p̂ is not available, we use p̂ = 0.5 and obtain

n = 0.25
(zα

2

E

)2
rounded up to the next integer.

Let’s see an example.

Example 9.4. An economist wants to know if the proportion of the US population who commutes to work via
carpooling is on the rise. What sample size should be obtained if the economist wants an estimate with 90%
confidence and margin of error 0.02 if:

(a) the economist uses the 2009 estimate of 10% obtained from the American Community Survey?

(b) the economist does not use any prior estimates?

Solution. In both cases, we want an estimate with 90% confidence, so α = 1 − 0.9 = 0.1, which implies
α

2
= 0.05. Hence,

zα
2

= 1.645

(a) In this case we use the first formula with p̂ = 0.1. We obtain:

n = p̂(1− p̂)
(zα

2

E

)2
= 0.1 · 0.9

(
1.645

0.02

)2

= 608.9

Hence, the economist must survey 609 people.

(b) In this case we don’t use the estimate from 2009, so we obtain:

n = 0.25
(zα

2

E

)2
= 0.25

(
1.645

0.02

)2

= 1691.3

Hence, the economist must survey 1692 people.

The second case is considerably larger than the first one, which represents the cost of not having an estimate.
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9.2 Estimating a Population Mean

The goal of this section is to construct confidence intervals for the sample mean x. Inspired from our construction
of the confidence intervals for the sample proportion p̂, we want an interval of the form:

point estimate ± margin of error

The point estimate in this case is x. From Chapter 8, we know that x is normally distributed with mean µx = µ
and standard deviation σx = σ√

n
, where µ and σ are the population mean and standard deviation, respectively.

Hence, using the same logic as in Section 9.1, we would obtain the following interval:

x± zα
2

σ√
n

However, computing the standard deviation of the sample proportion and the sample mean are very different
processes. In the case of the sample proportion, we had

σp̂ =

√
p(1− p)

n

and we were able to easily estimate σp̂ using the sample proportion p̂. In the case of the sample mean, instead, the
standard deviation is

σx =
σ√
n

and we could estimate it as

σx ≈
s√
n
,

where s is the sample standard deviation. However, s is a statistic and, as such, it is a random variable too.
Therefore, the value

t =
x− µ
s√
n

is not standard normal. In other words, changing σ by s in the computation of the z-score of x changes the
distribution. Then, we need a new model and we describe it below.

Theorem 9.3. Suppose that a simple random sample of size n is taken from a population. If the population from
which the sample is drawn follows a normal distribution, the distribution of

t =
x− µ
s√
n

is the Student’s t distribution with n− 1 degrees of freedom.

The Student’s t distribution is the probability density function of continuous random variables, and has the
following properties:

(1) The t-distribution is different for different degrees of freedom

(2) The t-distribution is centered at 0 and is symmetric about 0. Hence, the area under the curve to the right of
0 is 0.5, and the area to the left of 0 is also 0.5.

(3) As the value of t increases or decreases, the graph approaches 0 but it never reaches 0

(4) The area in the tails of the t-distribution is a big greater than the area in the tails of a standard normal
distribution. This increased area in the tails is due to the use of the sample standard deviation s (instead of
the population standard deviation σ), which introduces more variability.

(5) As the sample size n increases, the density curve of the t-distribution approaches a standard normal density
function.
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In conclusion, the t-distribution is very similar to the standard-normal distribution. The only difference is
that its variability is larger than the normal distribution and, hence, the tails of the bell are a bit thicker. In the
following picture we show a standard-normal distribution, and the t-distribution for 2 values of the sample size n.

Similarly to the standard-normal distribution, we compute probabilities associated to the t-distribution using
a table.

In this case, the table gives us the value of the t random variable such that the area to the right of t is α
(columns) for different values of the degrees of freedom (rows). Extending the notation introduced for the normal
distribution, the table gives us the value of tα. We present the table below1.

Of course, this table does not show all the possible values of the degrees of freedom. If we have a sample size
that is not listed, we can approximate the degrees of freedom by the closest number in the table. Additionally, for
n > 1000 we can use the standard-normal distribution as a very close approximation. Hence, in the last row of the
table the values of zα are presented.

1Table VII in Appendix A of the textbook
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Before constructing the confidence intervals of x, let’s do an example of the use of the table of the t-distribution.

Example 9.5. Find the value of a t-distributed random variable such that the area to the right of the value is 0.10.
Assume 15 degrees of freedom.

Solution. In other words, we are asked to compute t0.10 with 15 degrees of freedom. We go to the row of 15
degrees of freedom and the column corresponding to 0.10. We obtain

t0.01 = 1.341

In the following picture we show how to find this number in the t table.

Constructing the confidence interval

The process is very similar to the construction of the confidence interval of the sample proportion p̂. The main
difference is that now we use the t-distribution, as indicated in the following theorem.

Theorem 9.4. If

(i) the sample size is small relative to the population (no more than 5%) and

(ii) the data comes from a normally-distributed population or the sample size is large (n ≥ 30)

Then, a (1− α) · 100% confidence interval for the population mean µ is given by

x± tα
2

s√
n

where tα
2

is the critical value with n− 1 degrees of freedom.
The margin of error of such confidence interval is

E = tα
2

s√
n
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Let’s do an example.

Example 9.6. The website fueleconomy.gov allows drivers to report the miles per gallon of their vehicle. The data
in the following table2 show the reported miles per gallon on 2011 Ford Focus automobiles for 16 different owners.
You may assume that the miles per gallon of 2011 Ford Focus automobiles is normally distributed.

35.7 37.2 34.1 38.9
32.0 41.3 32.5 37.1
37.3 38.8 38.2 39.6
32.2 40.9 37.0 36.0

Construct a 95% confidence interval for the mean miles per gallon of a 2011 Ford Focus. Interpret the interval.

Solution. We first verify the conditions of the theorem.

(i) There are probably thousands of Ford Focus automobiles in the streets, so our sample size of n = 16 cars is
well below the 5% of the population.

(ii) The sample size is not large because n = 16 < 30. However, we are told that we can assume that the data
come from a normally-distributed population.

Hence, we can compute the confidence interval as

x± tα
2

s√
n

We may compute x and s using a graphic calculator or Excel, and we obtain:

x = 36.8 and s = 2.92

To compute tα
2

we use the t-distribution table. We want a 95% confidence interval. Then,

α = 1− 0.95 = 0.05

and we obtain α
2 = 0.025. Our sample size is n = 16, so we search in the table for n − 1 = 15 degrees of freedom

and obtain t0.025 = 2.131. The picture below shows how we find this number in the t-distribution table:

2Source: www.fueleconomy.gov
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Then, the confidence interval is

36.8± 2.131 · 2.92√
16

= 36.8± 1.56

Hence, the lower bound of the interval is 35.24 and the upper bound is 38.36, that is, we are 95% confident that
the mean miles per gallon of all 2011 Ford Focus automobiles is between 35.24 and 38.36.

The last question we answer is the sample size needed to obtain a certain margin of error. When we computed
the sample size needed for the sample proportion, we simply solve the algebraic equation to obtain n. In this case,
we cannot simply do that because the margin of error depends on tα

2
, and tα

2
depends on the sample size n. In

other words, we would obtain the following formula:

n =

(
tα

2
· s
E

)2

However, in order to compute the right-hand side we need tα
2

, and in order to obtain tα
2

from the table, we need
n. Hence, the formula is useless.

Instead, we use an approximation to tα
2

inspired in the motivation to use the t-distribution. We present the
result below.

Theorem 9.5. The sample size n required to estimate the population mean µ with a level of confidence (1−α)·100%
within a specified margin of error E is

n =
(zα

2
s

E

)2
,

rounding up to the nearest whole number.

Let’s see an example.

Example 9.7. Consider the situation described in Example 9.6. How large a sample is required to estimate the
mean of miles per gallon within 0.5 of error with 95% confidence?

Solution. We compute n as indicated in the theorem above and obtain

n =
(zα

2
s

E

)2
=

(
1.96 · 2.92

0.5

)2

= 131.02

Rounding up, we obtain that if we want a margin of error of 0.5 with 95% confidence, we need 132 cars.
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