TRANSFORM
METHODS FOR HEAVY
TRAFFIC ANALYSIS




OUTLINE

 Motivation

» Transform techniques
- Single server queue

- Load balancing system

« Conclusion and future work




QUEUEING SYSTEMS




Mean Field

9]
—
=
O
=
o
=
>=
Uy
<
W
<
L
>
L
=
e

Heavy Traffic




HEAVY-TRAFFIC

 Load queueing system close to maximum capacity

DIFFUSION LIMITS DRIFT METHOD (&ryiimaz, srikant 13

« Scale spaceandtime: e = 1/4/n - Set to zero the drift of a test function

P e k — o0:

2 eq@ (oo E[v(¢©w)| = E[v (4@ +1)]

€0 €0 I/ %
l’ l Interchange of limits «€—0: E[V (q )]
q (k) —
(RBM)

eq© (k)

 No interchange of limits
« Direct method

« How to choose V (+)?




SINGLE SERVER QUEUE




SINGLE SERVER QUEUE MODEL

» Discrete time model

— A Rh ®_>
* q(k): # jobs in the system at the beginning of time slot k a(kg . ' ) S(k)z
q(k)

A, 04 H, Os

e a(k): # arrivalsin time slot k
- Mean 4 and variance ¢2

« s(k): offered service in time slot k Assume positive recurrence
- Mean u and variance g2 Se=p—1>0

- Both are i.i.d. sequences, independent of each other

« Dynamics of the queues

q(k +1) = [q(k) + ak) — s()]* > | gk + Duk) =0

= q(k) +a(k) —s(k)

™ Unused service




HEAVY TRAFFIC - DRIFT METHOD

» Kingman, 1962:

e In steady state: a(k) - @ s(k)
Elq*(k + D] = E[q*(k)] 1,03 | ' ol

|
q(k)

" Yields: ) q(k + 1) = [qCk) + a(k) — s(OT*
Elq] = ZHe=8)] = q() + a(k) — sCk) + u(k)

2(u— A7
('ul_v_? It can be shown that this @

€ term isat most a
constant and so small

compared to the first q(k + 1)u(k) = O

 Therefore, term when 1 - 1

g _ 0§ + 07
im leq] = >




DRIFT METHOD

o Drift method [Eryilmaz, Srikant 13]:

eq = Expo (

02 + ol
2




DRIFT METHOD

o Drift method [Eryilmaz, Srikant 13]:

Em+1qm+1 + ...

vig: L1teq +3 L€ (m+1)'

L

Obtain: 1+ E[eq %
! i

02 + o2 i
\DEP\ . 2< ! eq = Expo (

Use e9€q 35 a test function

02 + ol
2




MGF METHOD tucsotange, wagoisiso

E=u—A7A

- In steady-state: E[e?€4k+D)] = plefea(®)] —— . A AR ®_>
a(k) : s(k)
W ol

A, o2 Y
« Key Lemma: q(k)

(eeeq(k+1) . 1)(6—96u(k) . 1) =0 q(k +1) = q(k) + ak) —s(k) + u(k)

<

q(k + Du(k) =0

e From the lemma:
E[eeeq(k;b{)] - F [eee(q(k)+a(k)—s(k)) — p—feu(k) 4 1]




MGF METHOD

1 — E|e™%¢|
1 — E[eee(a—s)]
OeE[u] + h.o.t.

= ) feq(k+1) _ —Oeu(k) _ —
—0eE[a — s] — 0 26 E[(a —s)?] + h.o.t. (e 1)(e 1) Y

L ve24 h.o.t. C

B 0262 2 ;2
. (aezg_/72i(o-a +0f+€?)+ h.o.t. E[egeq(k)] - E [eee(q(k)+a(k)—s(k)) — e~ feu(k) 4 1]
2

= E[e?€1] = 202

MGF of expo. r.v.

oZ+c2

with mean

2

o2 + 052>

eq = Expo <




TRANSFORMTECHNIQUES

k - o

Step 1 Show q‘€ (k) is positive recurrent. Then, ¢ (k) > q©(c0)
Step 2 Set Drift of an exponential function to zero under the stationary distribution

ﬂ/loment Generatinh / Characteristic \ /One sided Laplace\

Function E[eeeq] Function E[eijCI] Transform

Two-sided Laplace Fourier Transform Ele?¢] foro <0
transform of stationary
distribution Always exists Always exists, because
q=0

Must exist for 8 in an Complex numbers
open interval around Existence of moments
origin * Existence of moments —> Must prove

k —> Must prove / —> Must prove
\ / * Related to BAR approach
[Braverman, Dai, Miyazawa 17] /




RATES OF CONVERGENCE

» Drift method gives

€

1(0Z+ o? Ble) < F <1 02 + o 5
< > )— (€) = [Q]_E< > )"‘ (€)

« True foralle
- Rate of convergence of the mean

- Rate of convergence of the distribution
« Ongoing work




KEY TAKEAWAYS

» Set the drift of a function to zero
« Drift Method — Quadratic and Polynomial test functions

» Transform Techniques — Exponential test function

« Unused service is important

qk + Du(k) =0

(eeeq(k+1) _ 1)(8—9611,(]() _ 1) =0




LOAD BALANCING SYSTEM

Complete Resource Pooling




LOAD BALANCING SYSTEM

« Discrete time model a, (k) — 51(k)

q1 (k) M1, 0521

2, (k) m@W

- n servers, with their own queue : G, (k) M2 0

« One stream of i.i.d. arrivals a, (k) mw

2

 Routing: Join the Shortest Queue (JSQ) policy qn(k)  HnOs,

qi(k + 1) = [q;(k) + a;(k) — s;(k)]*
- Heavy-Traffic Analysis [Foschini, Salz 78] = q;(k) + a;(k) — s;(k) +u;(k)

« Diffusion Limit Analysis | |

ql(k + 1)ul(k) = 0 but ql(k + 1)u](k) + 0ifi :/-'j




STATE SPACE COLLAPSE

 Heavy-traffic:

E=Z[Ji—ﬂ.>0
[

o SSC[Erinmaz, Srikant 13]:

All queues are (approximately) equal in the
heavy-traffic limit
49 .
q; = ]n Vi

a, (k) E@W
Q1(k) 'u1’0-521

@, (k) m@W

q2 (k) H2,0s,

(k) ——2 5, (k)
Qn(k) Hn Oszn

qlk+1)=q(k) +alk) —s(k) + u(k)




SSCINTERPRETATION

4 ™\

Proposition(Eryilmaz, Srikant 131:
q,(k): projection of q(k) on the line

q, (k) == q(k) — q,(k) : error of approximating q =~ q
\Then, Elllg lI™] < M,, forallm = 1,2, ... Y,

Smaller e:




UNUSED SERVICE

« Recall in a single server queue q(k + Du(k) =0

« Under SSC, (Zi q; (k + 1))(Ziui (k)) ~ 0
« qi(k+ Du(k) =0

« qi(k + Duj(k) = q;(k + Du;(k) =0

« 2.; q; (k) behaves like a single queue
q(k +1) = q(k) + a(k) — s(k) + u(k)

MGF method: Set to zero the drift of V(q) = €€ 2i 9t jnado-Lange, vsg)
E[(eee Zi CIi(k+1) — 1)(8_962iui(k) — 1)] |S 0(62)




M G F M ET H O D [Hurtado Lange, Maguluri1g]
ST
GRS s

q1(k) 1,02,
s(k) a(k) :

2 Lo —p—
#: 9s ' an ()

—— s,(k)
qn (k) Mn; Us'zn

. Setdrift of V(q) = e%€9 to zero - Setdrift of V(q) = ef€2i i to zero

(eeeq(k+1) _ 1)(6_96u(k) _ 1) =0 E[(eef i qi(k+1) _ 1)(3_96 2iui(k) _ 1)] is 0(62)

« Yields Yields

lim E[eeeq] = 1 lim 5[696 i qi] = 1

€0 0§ + o €0 (0 * 20%)
1—9( > 1—9| 2 _&L75i

2

d 24y . g2
) Then, eq, = %Expo (Ga fl"'sl)

SSCimpli 0
Implieseq;, = 1 O_C% n Zi O_Szi
€q = HExpo >

02 + o2
2

€q = Expo (




COMPLETE RESOURCE POOLING

« Complete Resource Pooling < One dimensional State Space Collapse

W) i qi(k) @—)

l

« Many systems exhibit this behavior
« Ad hoc wireless network

» Generalized Switch Model

» We can use the MGF method in all these queueing systems!




KEY TAKEAWAYS

« Complete Resource Pooling
« Single bottle-neck resource

« One dimensional State Space Collapse
« Behaves like a single queue

» Unused service under SSC generalizes:

qlk + Du(k) =0 (ziqi(k + 1)) (ziui) ~ 0

(eeeq(k+1) _ 1)(e—eeu(k) _ 1) =0 E[(eeeziqi(k+1) _ 1)(8—96 xiuitk) _ 1)] is 0(62)




CONCLUSIONS

- Heavy-Traffic Analysis is easy!
« Set drift of a test function to zero

« CRP: Exponential test function — Transform techniques

k — oo

. : eq (k)
« More than just heavy-traffic l
e—>0

Direct

« Non-asymptotic results and Rates of Convergence methods

» Benefits of a ‘Direct Method G (k)

(RBM)

« It’s all about the unused service

 Future work
« Extend MGF method to queueing systems that do not satisfy the CRP condition
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