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With over 175 zettab’ﬂes of data expected by 2025, data

centers will continue to play a vital role in the ingestion,
computation, storage, and management of information.

250

Often hidden in plain sight, data centers are the backbone of our internet. They store,
communicate, and transport the information we produce every single day. The more data we

Source: https://www.statista.com/statistics/| C'€ate, the more vital our data centers become.

But many of today’s data centers are clunky, inefficient, and outdated. To keep them running,
data center operators, from FAMGA to colocation providers, are working on upgrading
them to fit our ever-changing world.

2015 2016 2017

Source: The future of data center, CB insights, available at https://www.cbinsights.com/
research/future-of-data-centers/
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Goal: Minimize delay

How? Queueing theory
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Supermarket Checkout System

* Discrete time model
D —=w
1
- n servers with an infinite buffer
@ 50
Arrivals Cl(k): a(k)

- Single stream of arrivals II@ 53(k)
- Sequence of i.i.d. random variables l@

S4(k)
- Upon arrival, jobs are routed to the queues

Service s,(k), $,(k), ..., s, (k)

- Potential service is a sequence of i.i.d. random
variables

» Service processes to different queues are correlated
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Theorem: [HL, Maguluri 2020]
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component of x € R". Then, the notation
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- Power-of-d samples uniformly at random, so we characterize '. Zizlﬂ(i) S (d Vd < i< i
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. Fix n. As d gets larger, we can tolerate more imbalance.
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Heavy-Traffic Analysis

* Load the system close to maximum capacity:

Arrival rate &~ Service rate

- State Space Collapse (SSC) f Complete Resource Pooling (CRP):

. - SSC to a one-dimensional subspace

. - System behaves as a single server queue

i - All servers “pool” together and behave as a super
- server

Total queue
length

Super
server

—
Total arrival
rate
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No CRP

' : s1(k)
= $5(K)

—o 111111

Wasted K : >—>
service _ s4(k)

capacity

- To do: 7 jobs
- Same total service capacity

Which one finishes first?
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(" Step 1: Prove an exponential version of g(k + Du(®) = 0 |

Step 2: Bound unused service and take heavy-traffic limit

| Moment Generating Function ; | Characteristic Function ] [ One-Sided Laplace Transform '
] : f. = 6 ;
= [e™] | ‘ - ] | ; <™

-HE R, i =4/—-1 '9<O

"' - Always exists because g > 0

-6’6|R

Two-sided Laplace transform

of stationary distribution  * Fourier transform of

stationary distribution .
. * Must show existence of

Must exist for @ in an interval | | !  moments
. . * Must use complex numbers |
around the origin

= Must prove
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I‘O E [s,(k)| =1
Routing:
@ E [s,(k)| =1

 Power-of-d choices e

: . E |a(k)| =n(1 —n™%)
* I[n each time slot, route all the arrivals to one server .

1O ol

‘ Warning! |
- We want classical heavy-traffic behavior
- We expect CRP condition '

- In every time slot we route O(11) jobs

-« Then, convergence to CRP is weak
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/ Theorem: [HL, Maguluri *21]
; Consider a supermarket checkout system as |
. described above. If « + [ > 3,thenasn T oo |

n—az qi = EXpO(l) Proof:
l. 1. Prove CRP

2. MGF method

ntToo

and lim n™“E [Z %’] =1 ,"
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Why can’twe geta > 1?

Bottleneck in the proof: Expo(1)
* Convergence to CRP o ‘C e —-
N - Expo(1)
* Can we get faster convergence? o

Poisson (n(l — n_“))

Back to discrete time:
* Current method: a > 11/2
* What happens if we route one by one?

* Can we reproduce continuous-time results?

* Can we improve them?
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Conclusion and Future Work

Classical Heavy-Traffic Regime: I@ :
* CRP condition = Optimality

- MGF method: Compute the distribution

» Simple, flexible

* More than just heavy-traffic results

* What to do in non-CRP systems?

Heavy-Traffic

L R R

Many-server heavy-traffic regime: Asymptotics
* How fast should the load grow with respect to the number of
servers to observe classical heavy traffic?
_— Total queue Super
. Ifd = cn”, we need a + > 3 Total arrival length server,

rate

- JSQ:a > 2
« What happens fora € (1,2]?

» Stronger convergence to CRP? Another distribution?
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The Input-Queued Switch Model

- Discrete time model

- 1 input ports and n output ports

------------------------------------------------

- Jobs arrive at input ports, and go to the desired output : :
port i_>l_>ll_>li

- Jobs are processed at output ports and take exactly
one time slot

l
=
l
_
l
=

~ L 4
-----------------------------------------------

o Qonstralntz At most one job can be processed from each l l l Output ports
iInput port and at each output port

« Scheduling:

- Which queues to serve? Largest total queue length
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Formal Definition of CRP

Define;

A Za mn— . |
q|| =1 @ *+«. Heavy-traffic

n > ao, limit
§~A
é — g, = Error of approximatin ~
qJ_ q q” 9 q q” —_— Total queue Super
, length server
Total arrival
rate
' CRP: Y  Smaller e

q, is negligible in heavy traffic

~ Formally, E :||ql||m] < C, forall
\m=1273...
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- In steady-state (k > o0): g I I I g

E |¢*(k+ 1)| = E [¢*(0)] a(k) 0 s(k)

A, 63 9 M, 052
* Yields:
E [(a _ 5)2] E [MZ] ! Dynamics of the queues:
N = T T qk+ 1) = g(k) + ak) = 5(6) + u(k)
\Smﬁ!'ff?&l"éﬁ? ° — gk + Duk) =
* Therefore,
62 + 0'S2
lelﬁ)l E Jeq| = ) Drift Method:
1 1 3.3 m ,m €
Test function: 1 +e€q + 56 g% + €4 + € + .- = ¢
v ¥ | 1
] + = [eeq]

| Use %1 as test

e i Obtain: L+ E [eq] i E[E [€2q2] T (m—1)! .
_ 62+ 0

function
- 2 2 a 5
lim( )= o, +0;, 9
el0 9) 2




The MGF Meth()d |HL, Maguluri '20]
S 1O
a® I I @W’ rEng :

1° Y1 .
az(k) l
g I $,(k) Z g
A, 6> 1 j
»Oq q(k) 152 ", Gsz q =

az(k) III@W’ &q,:=q-gq




The MGF Meth()d |HL, Maguluri '20]
S 1O

L0 O Do
k > >
a(ki s( Z a(k) I 109 29
2,0, q(k) 6 ,1”’ o; 7,62 s O g =113
= U —
az(k) |1 t : )—>S3(k) &q:=q-q
/43’%23

Set the drift of V(gq) = ¢%4 to zero




The MGF MEth()d |HL, Maguluri '20]
S 1O

az(k)> I

an I I@W’ 2 $,8) S.q
A, 0, q(k) . _/1/% o5 1,62 H2: O 9= 1< N >
= p az(k) Illt : )—>S3(k) &q.:=q-q,
/43’%23

Set the drift of V(g) = €% to zero Set the drift of V(g) = % 2i% to zero




The MGF Meth()d |HL, Maguluri '20]
S 1O
€:ﬂ—ﬂ,%

az(k)> I

% SZ(k) ZJ q;
A, O, Q(k) /l, Gg o, 6s22 q” =1 N
k S
613() Ill@mb &q,:=q q
H3» 0s23

Set the drift of V(g) = €% to zero Set the drift of V(g) = % 2i% to zero

Key Lemma: (6‘96‘1("“) — 1) (e‘ee”‘(k) — 1) = ()




The MGF MEth()d |HL, Maguluri '20]
S 1O

Clz(lg)> I

a(k) > I I@W> a(k) > $,(k) 2.4
A, Gg q(k) B /1/4’ Gsz A, 63 Mo 0s22 9 -= 1 < 1(7 >
€=U — as(k) III' : >_>s3(k) &q, :=q—q
/43’%23

Set the drift of V(g) = €% to zero Set the drift of V(g) = % 2i% to zero

Key Lemma: (eeeq(k+1) _ 1) (e—Qeu(k) _ 1) — 0 Key Lemma: [ [(eQGZiqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)




The MGF MEth()d |HL, Maguluri '20]
S 1O

az(lg)> I

a® I I k : > 5® > ©
, , a(k) 7 . 249
A0, q(k) U, o 22 1y, 0% q =1\
c:=u—4=A C
az(k) |1 t : )—>S3(k) &q:=q-q
/43’%23
: 0cY g,
Set the drift of V(g) = % to zero Set the drift of V(g) = ¢*2i% to zero
Key Lemma: (eeeq(k+1) _ 1) (e—Qeu(k) _ 1) — 0 Key Lemma: [ [(eQGZiqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)
1

Yields: Iim[E [69“1] =

2

62 + o2
el0 1_@( a+s>




The MGF Meth()d |HL, Maguluri '20]

a®y I I@W’

A, 04 q(k)

Set the drift of V(gq) = ¢%4 to zero

Key Lemma: (6‘96‘1("“) — 1) (e_eeu(k) — 1) =0

Yields: Iim[E [69“1] = :

€10 _ 02 + 07
-0

ar(k) Oz
5162 — Zﬂi 3

1> sl ;
> B0, |
a(k)

SZ(k) Z qj
1. 52 Mo, 0S2 g =1

az(k) III@W’ &q,:=q-gq

Set the drift of V(q) = e% 2% 1o zero

Key Lemma: E [(eeeziql'(kH) — 1) (e_eezi“i(k) — 1)] is 0(e?)

1
Yields: Iiml[E leeeziqi] —
el0

02+Z, si
-0 (TR0




The MGF Meth()d |HL, Maguluri '20]
S 1O

Clz(lg)> I

a® I I k : >_’s<k> > -
' ' a(k) $2(K) (%
4, 04 q(k) ey /1”’ Oy A, 63 H2» 0s22 9 -= - N
: as(k) Illt : )—>S3(k) &q,:=q—gq,
/43’%23
: 0cY g,
Set the drift of V(q) = €% to zero Set the drift of V(q) = e €29 to zero
Key Lemma: (eﬁeq(k+1) _ 1) (e—Qeu(k) _ 1) — 0 Key Lemma: [ [(eeeziqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)
Yields: LmE [e%| = : - fe Y 1
elds e = Y Yields: lim[E [e iqi] =
2 1 —6(—— el0 o} + 3,03
2 1-6 > :

_I> ("3"‘0}2)
eq = Expo >




The MGF MEth()d |HL, Maguluri '20]
O 1) e

az(@> I 1> ¥s1 I

2 Sz(k) 1 Z Qj
A, 0 q(k) A, 63 Us, 0S2 9 -=
Cl3(k) Ill@mb &q,:=q- q
Set the drift of V(g) = €% to zero Set the drift of V(g) = % 2i% to zero
Key Lemma: (eﬁeq(k+1) _ 1) (e—Qeu(k) _ 1) — 0 Key Lemma: [ [(eeeziqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)
Yields: limE [e?4] = : - 0 Y 1
i€las. 1l [e ] 62 4 o2 Yields: lim[E [e iqi] =
el0 1_9< a S) el0 0+ 2,05
2 1-6 >

03 + 0'52
eq = Expo 1 o, + 2.0
2 Then, eq = NExpo >




The MGF Meth()d |HL, Maguluri '20]
S 1O

Clz(@> I

a® I I k : >_’s<k> > -
' ' a(k) $2(K) %4
A0, q(k) U, o 22 1y, 0% q =1\
c:=u—4=A C
az(k) Illt : )—>S3(k) &q,:=q-4
/43’%23
: 0cY q,
Set the drift of V(q) = €% to zero Set the drift of V(q) = e €29 to zero
Key Lemma: (eﬁeq(k+1) _ 1) (e—Geu(k) _ 1) — 0 Key Lemma: [ [(eQGZiqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)
Yields: LmE [e%| = : - fe Y 1
elds e = Y Yields: lim[E [e iqi] =
2 1 —6(—— el0 o3+ X,0%
2 1 -6 > :

03 + 0'S2
eq = Expo 1 o, + 2.0
2 Then, eq = NExpo >

SSC implieseq, = 0




The MGF Meth()d |HL, Maguluri '20]
S 1O

Clz(@> I

a® I I k : >_’s<k> > -
' ' a(k) $2(K) %4
A0, q(k) U, o 22 1y, 0% q =1\
c:=u—4=A C
az(k) Illt : )—>S3(k) &q,:=q-4
/43’%23
: 0cY q,
Set the drift of V(q) = €% to zero Set the drift of V(q) = e €29 to zero
Key Lemma: (eﬁeq(k+1) _ 1) (e—Qeu(k) _ 1) — 0 Key Lemma: [ [(eQGZiqi(k+l) _ 1) (e—ﬁeziui(k) _ 1)] is 0(62)
Yields: LmE [e%| = : - fe Y 1
elds e = Y Yields: lim[E [e iqi] =
2 1 —6(—— el0 o3+ X,0%
2 1 -6 > :

03 + 0'S2
eq = Expo 1 o, + 2.0
2 Then, eq = NExpo >

SSC implieseq, = 0

=>1E 62 + o’
€ — LLXPDO
1= N7 >




Proof Sketch

Step 1: Multiplicative State Space Collapse I®—>

Expo(1)

. Expo(1)

Poisson (n(l = n_“))

_ : Expo(1)




Proof Sketch

Step 1: Multiplicative State Space Collapse I®—>

Expo(1)

f Proposition (SSC): [HL, Maguluri "21] -~ ) @—»
.{‘: EXpO(l)

| Z-Cli
1 q”(k) =1 ( l = Projection of g on 1 Poisson (n(1 — n™%))

n

j‘ q,(k) = q(k) — q,(k) error of approximating ¢ = ¢ ‘.
: “, IGD_>
| Expo(1)

— 1

| il n’ '.f
. Then, forallj=1,2,3... E [quHf]J <(j (d ) |




Proof Sketch

Step 1: Multiplicative State Space Collapse @ S
et b s, _ Expo(1)
Proposition (SSC): [HL, Maguluri "21] )
S 4 | Ot
gy (k) = 1 . = Projection of g on 1 | Poisson (n(1 — n™%))
; q,(k) = q(k) — q”(k) error of approximating g ~ ¢, ;
| ‘ I‘® Expo(1)

| 1 2 '.f
' Then, forallj =1,2,3... E [quHf]J <(j (a’n 1) |

Step 2: Convergence in distribution




Proof Sketch

Step 1: Multiplicative State Space Collapse I®—>

Expo(1)

f Proposition (SSC): [HL, Maguluri "21]

Zi Qi . . | _'a
gy (k) = 1 = Projection of g on 1 Poisson (n(1 — n™%))

Expo(1)

n

j‘ q,(k) = q(k) — q,(k) error of approximating ¢ = ¢
: | II:::>"""’
‘ Expo(1)

| S1 2
. Then, forallj=1,2,3... E [quHf]’ <(j (dn 1) |

Step 2: Convergence in distribution

Proof #1: Transform method in continuous time|

, Extend method to continuous time

- Translate unused service to 1{g; = 0} i




Proof Sketch

R S I R B iy Expo(1)

f Proposition (SSC): [HL, Maguluri "21]

.7 Expo(1
>4 — o

' q,(k) =1 = Projection of g on 1 Poisson (n(1 —n~%))
| n | :

j‘ q,(k) = q(k) — q,(k) error of approximating ¢ = ¢
‘ ) | I‘® Expo(1)

A1
. Then, forallj =1,2,3... E [qu\lf]’ <(Cj F

Step 2: Convergence in distribution

\Proof #1: Transform method in continuous time| \Proof #2: Stein’s method l

j Extend method to continuous time , Bound Wasserstein’s distance

- Translate unused service to 1{g; = 0} .+ Obtain rate of convergence |




