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Single server queue: 
Moment Bounds

…
𝑎(𝑘) 𝑠(𝑘)

𝑞(𝑘)

= 𝑞 𝑘 + 𝑎 𝑘 − 𝑠 𝑘 + 𝑢(𝑘)

𝑞 𝑡 + 1 ⋅ 𝑢 𝑡 = 0

𝑞(𝑘): Number of customers in system at the 
beginning of time slot 𝑘

𝑎(𝑘): Arrivals in time slot 𝑘 (i.i.d. process)

𝑠(𝑘): Potential service in time slot 𝑘 (i.i.d. 
process)

𝑢(𝑘): Unused service in time slot 𝑘

𝑞 𝑘 + 1 = 𝑞 𝑘 + 𝑎 𝑘 − 𝑠 𝑘 +

Kingman bound: 
In steady-state, 𝐸 𝑞 𝑘 + 1 2 = 𝐸 𝑞 𝑘 2

⇒ 𝐸 𝑞 =
𝐸[ 𝑠 − 𝑎 2]

2𝜖
−
𝐸 𝑢2

2𝜖
⇒ lim

𝜖→0
𝜖𝐸 𝑞 =

𝜎𝑎
2 + 𝜎𝑠

2

2

Heavy traffic: Let 𝜖 = 𝐸 𝑠 1 − 𝐸 𝑎 1 . The Heavy Traffic 
limit is when 𝜖 → 0

Higher moments:

𝑉 𝑞 = 𝑞𝑚 Steady-state
𝐸 Δ𝑉 𝑞 = 0

Moment 
bounds

Heavy-traffic Scaled 
moments

𝑉(𝑞): 𝑞2 𝑞3 … 𝑞𝑚+1 …

Obtain: 𝜖 𝐸 𝑞 𝜖2 𝐸 𝑞2 … 𝜖𝑚 𝐸 𝑞𝑚 …

Single server queue: 
MGF

MGF method [1]: Use Moment Generating Function to prove 
tightness

Theorem: The scaled queue length 𝜖𝑞 converges in distribution to 

an exponential r.v. with mean 
𝜎𝑎
2+𝜎𝑠

2

2

Idea of our proof:

𝑒𝜖𝜃𝑞 𝑘+1 − 1 𝑒−𝜖𝜃𝑢 𝑘 − 1 = 0
Test function:

𝑉(𝑞) = 𝑒𝜖𝜃𝑞

𝐸 𝑒𝜖𝜃𝑞 =
1 − 𝐸 𝑒−𝜖𝜃𝑢

1 − 𝐸 𝑒−𝜖𝜃(𝑠−𝑎)
lim
𝜖→0

≈
0

0

Taylor 
approximation

𝐸 𝑒𝜖𝜃𝑞 =
𝜃𝜖2 + 𝑂(𝜖3)

𝜃𝜖2 −
𝜃2𝜖2

2
𝜎𝑎
2 + 𝜎𝑠

2 + 𝑂 𝜖3

lim
𝜖→0

𝐸[𝑒𝜖𝜃𝑞] =
1

1 − 𝜃
𝜎𝑎
2 + 𝜎𝑠

2

2

MGF of expo r.v. 
with mean

𝜎𝑎
2 + 𝜎𝑠

2

2

Load balancing problem

…

…

…

𝑞1(𝑘)

𝑎1(𝑘) 𝑠1(𝑘)

𝑎2(𝑘)

…

𝑎𝑛(𝑘)

JSQ
𝑎(𝑘)

…

For 𝑖 ∈ {1, … , 𝑛}, let:

𝑞𝑖(𝑘): Number of customers in system  𝑖
at the beginning of time slot 𝑘

𝑎𝑖(𝑘): Arrivals to system 𝑖 in time slot 𝑘

𝑠𝑖(𝑘): Potential service in system 𝑖 in time slot 𝑘

𝑢𝑖(𝑘): Unused service in system 𝑖 in time slot 𝑘

𝑎(𝑘): Arrivals to the system in time 
slot 𝑘

𝒒 𝑡 = 𝑞1 𝑡 , … , 𝑞𝑛 𝑡

𝒔 𝑡 = 𝑠1 𝑡 , … , 𝑠𝑛 𝑡

𝒖 𝑡 = 𝑢1 𝑡 , … , 𝑢𝑛 𝑡

Heavy traffic: Let 𝜖 = ∑𝐸 𝑠𝑖 1 − 𝐸 𝑎 1 . 
The heavy-traffic limit is when 𝜖 → 0

State space collapse: In HT limit, the 𝑛-
dimensional 𝒒 collapses to a line. Then, 
𝐸 𝒒⊥

𝑟 ≤ 𝑁𝑟

line

𝒒

𝒒⊥

𝒒∥

Theorem: The scaled vector of queue lengths 𝜖𝒒 ⇒ 𝑋𝟏 , where 𝑋

is an exponential r.v. with mean 
𝜎𝑎
2+∑𝜎𝑠𝑖

2

2

Idea of our proof:

Test function:

𝑉(𝒒) = 𝑒𝜖𝜃∑𝑞𝑖
𝐸 𝑒𝜖𝜃∑𝑞𝑖 𝑘+1 − 1 𝑒−𝜖𝜃∑𝑢𝑖 𝑘 − 1

is 𝑜 𝜖2

𝐸 𝑒𝜖𝜃∑𝑞𝑖

=
1 − 𝐸 𝑒−𝜖𝜃∑𝑢𝑖

1 − 𝐸 𝑒−𝜖𝜃(∑𝑠𝑖−𝑎)

𝜖 ∑𝑖 𝑞𝑖 = 𝜖𝑞∥𝑗 ⇒ 𝑋

𝑋 ∼ 𝐸𝑥𝑝𝑜
𝜎𝑎
2+∑𝜎𝑠𝑖

2

2

−1

lim
𝜖→0

𝜖2𝐸[ 𝒒⊥
2] = 0

& 𝒒 = 𝒒∥ + 𝒒⊥
𝜖𝒒 ⇒ 𝑋𝟏
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Induction

Add all these to get 
exponential

Idea!
Use 𝑒𝑞 as the 
test function 

𝑞2(𝑘)

𝑠2(𝑘)

𝑞𝑛(𝑘)

𝑠𝑛(𝑘)

…


