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Matrix notation:

For input port 𝑖 and output port 𝑗
(𝑖, 𝑗 ∈ 1,…𝑛 ) let:

𝑞𝑖,𝑗 𝑘 : # of packets in system at the 

beginning of time slot 𝑘

𝑎𝑖,𝑗 𝑘 : # of arrivals in time slot 𝑘

𝑠𝑖,𝑗 𝑘 : # of offered services in time 

slot 𝑘

𝑢𝑖,𝑗 𝑘 : Unused service in time slot 𝑘

𝒒 𝑘 : Vector with elements 𝑞𝑖,𝑗 𝑘 for 

𝑖, 𝑗 ∈ 1,…𝑛

Capacity region:

Let 𝜆𝑖,𝑗 = 𝐸 𝑎𝑖,𝑗 1

𝒞 = {𝝀 ∈ ℝ+
𝑛2: ෍

𝑖=1

𝑛

𝜆𝑖,𝑗 ≤ 1 ∀𝑗 ,෍

𝑗=1

𝑛

𝜆𝑖,𝑗 ≤ 1 ∀𝑖}

𝑞𝑖,𝑗 𝑘 + 1 = 𝑞𝑖,𝑗 𝑘 + 𝑎𝑖,𝑗 𝑘 − 𝑠𝑖,𝑗 𝑘
+

= 𝑞𝑖,𝑗 𝑘 + 𝑎𝑖,𝑗 𝑘 − 𝑠𝑖,𝑗 𝑘 + 𝑢𝑖,𝑗 𝑘

⟹ 𝑞𝑖,𝑗 𝑘 + 1 𝑢𝑖,𝑗 𝑘 = 0

There are 𝑛2 queues but in 
each time slot we only can 

serve 𝑛 that form a 
permutation

⟹ Scheduling policy: 
MaxWeight

Heavy traffic (HT): Let 𝝀 be such that 
σ𝑗 𝜆𝑖,𝑗 = 1 − 𝜖 and σ𝑖 𝜆𝑖,𝑗 = 1 − 𝜖. The limit 

of the system as 𝜖 → 0 is called HT.

State space collapse (SSC): In the HT limit, the 𝑛2-dimensional 𝒒
collapses into a (2𝑛 − 1)-dimensional cone. Let 𝒒∥ be the 
projection of 𝒒 on the cone and 𝒒⊥ is the error 𝒒⊥ = 𝒒 − 𝒒∥.  
Then, for each 𝑟 = 1,2, … 𝐸 ഥ𝒒⊥

𝑟 ≤ 𝑀𝑟

Theorem: Let 𝝈2 be the vector of variances of the arrival 
process. Then,
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Three-queue System
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HT: 
𝝀 = 𝜆, 𝜆, 1 − 𝜖 − 𝜆 , where 0 < λ < 1

SSC: 
𝒒 collapses into the 2-dimensional space 

defined by:
𝑞∥3 = 𝑞∥1 + 𝑞∥2

Theorem: Let 𝜎1
2, 𝜎2

2, 𝜎3
2 be the vector of 

variances of the arrival process. Then, 
lim
𝜖→0

𝜖 𝐸[𝑞1 + 𝑞2 + 𝑞3]

= lim
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𝜖 𝐸 𝑞∥1 + 𝑞∥2 + 𝑞∥3

=
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SSC
𝐸 ഥ𝒒 𝑚 ≈ 𝐸 ഥ𝒒∥

𝑚

&
𝑞∥3 = 𝑞∥1 + 𝑞∥2

Only need linear 
combinations of 

moments of: 𝑞∥1, 𝑞∥2

Here we focus on the first moments:   𝐸 𝜃1𝑞∥1 + 𝜃2𝑞∥2 =?

General quadratic test function:

𝑉 𝒒 = 𝛼1𝑞∥1
2 + 𝛼2𝑞∥2

2 + 𝛼3𝑞∥1𝑞∥2

All quadratic monomials:

𝑉1 𝒒 = 𝑞∥1
2 , 𝑉2 𝒒 = 𝑞∥2

2 , 

𝑉3 𝒒 = 𝑞∥1𝑞∥2

Set 𝐸 Δ𝑉 ഥ𝒒 = 0 or
𝐸 Δ𝑉𝑖 ഥ𝒒 = 0 ∀𝑖 ∈ {1,2,3}

2lim
𝜖→0

𝜖 𝐸 𝑞1 =
1

3
4𝜎1

2 + 𝜎2
2 + 𝜎3

2 − 2 lim
𝜖→0

𝐸[𝑞1
+𝑢2]

2lim
𝜖→0

𝜖 𝐸[𝑞2] =
1

3
𝜎1
2 + 4𝜎2

2 + 𝜎3
2 − 2 lim

𝜖→0
𝐸[𝑞2

+𝑢1]

lim
𝜖→0

𝜖 𝐸[𝑞1 + 𝑞2] =
1

3
−2𝜎1

2 − 2𝜎2
2 + 𝜎3

2 + 2 lim
𝜖→0

𝐸[𝑞1
+𝑢2 + 𝑞2

+𝑢1]

Solve for: 
lim
𝜖→0

𝜖 𝐸 𝑞1 , lim
𝜖→0
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HT limit: Queue lengths go to ∞ as 𝜖
To understand behavior, study: 

lim
𝜖→0

𝜖 𝐸 σ𝑞𝑖,𝑗

𝒒
𝒒⊥

𝒒∥

- Diffusion limits
- RBM on a cone

Proof Idea:

Set 𝐸 Δ𝑉 ഥ𝒒 = 0,  where

𝑉 𝒒 =
1

2
𝒒∥

2
= 𝑞∥1

2 + 𝑞∥2
2 + 𝑞∥1𝑞∥2

3 equations
4 unknowns

Goal: All moments of all linear combinations of 𝑞1, 𝑞2, 𝑞3


