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Cloud computing and data centers play an important role in powering the era of big data and machine learning. Today’s data centers are huge, and most of the jobs need quick response times. Therefore, there 
are several challenges in optimal design and operation of data centers. Queueing theory is a powerful tool in designing and analyzing performance of various resource allocation algorithms. The goal is to 
characterize the delay experiences by jobs in a data center. Given that it is challenging to characterize the delay or queue lengths in general, heavy traffic theory has been developed to study queueing systems in 
the asymptotic regime when they are loaded very close to their capacity. In this work, we propose a novel view of the heavy-traffic theory based on the moment-generating function of the queue lengths. We will 
use this view to study the load-balancing problem in data centers. Future work includes studying resource allocation in data center networks. 

Single server queue

…
𝑎(𝑡) 𝑠(𝑡)

𝑞(𝑡)

= 𝑞 𝑡 + 𝑎 𝑡 − 𝑠 𝑡 + 𝑢(𝑡)

𝑞 𝑡 + 1 ∗ 𝑢 𝑡 = 0

𝑞(𝑡): Number of customers in system            
at the beginning of time slot 𝑡

𝑎(𝑡): Arrivals in time slot 𝑡

𝑠(𝑡): Potential service in time slot 𝑡

𝑢(𝑡): Unused service in time slot 𝑡

If for 𝑡 ≥ 0:
• 𝑎 1 , 𝑎 2 ,… , 𝑎(𝑡) are i.i.d. , s 1 , 𝑠 2 ,… , 𝑠(𝑡) are i.i.d. 
• 𝑎(𝑘) and 𝑠(𝑘) are independent of each other and of 

𝑞(𝑘) for all 𝑘 ≤ 𝑡
• 𝜖 = 𝐸 𝑠 1 − 𝐸 𝑎 1 > 0
• MGF of 𝑎(1) and 𝑠(1) exist
Then, the steady state distribution of the scaled queue 
length 𝜖 ∗ 𝑞 in heavy traffic is:

𝐸𝑥𝑝𝑜
𝜎𝑎
2 + 𝜎𝑠

2

2

Our proof: For any real number 𝜃

𝑞 𝑡 + 1 = 𝑞 𝑡 + 𝑎 𝑡 − 𝑠 𝑡 +

𝑒𝜖𝜃𝑞 𝑡+1 − 1 𝑒−𝜖𝜃𝑢 𝑡 − 1 = 0

𝐸 𝑒𝜖𝜃𝑞(𝑡+1) = 𝐸 𝑒𝜖𝜃𝑞 𝑡
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1 − 𝐸 𝑒−𝜖𝜃𝑢
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Load balancing problem
…
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…

For 𝑖 ∈ {1, … , 𝑛}, define:

𝑞𝑖(𝑡): Number of customers in system  𝑖
at the beginning of time slot 𝑡

𝑎𝑖(𝑡): Arrivals to system 𝑖 in time slot 𝑡

𝑠𝑖(𝑡): Potential service in system 𝑖 in time slot 𝑡

𝑢𝑖(𝑡): Unused service in system 𝑖 in time slot 𝑡

𝒒 𝑡 = 𝑞1 𝑡 , … , 𝑞𝑛 𝑡

𝒔 𝑡 = 𝑠1 𝑡 ,… , 𝑠𝑛 𝑡

𝒖 𝑡 = 𝑢1 𝑡 ,… , 𝑢𝑛 𝑡 𝑎 𝑡 =෍

𝑖=1

𝑛

𝑎𝑖 𝑡

For each 𝑖 ∈ {1,… , 𝑛}:
𝑞𝑖 𝑡 + 1 = 𝑞𝑖 𝑡 + 𝑎𝑖 𝑡 − 𝑠𝑖 𝑡 + 𝑢𝑖 𝑡

& 𝑞𝑖 𝑡 + 1 ∗ 𝑢𝑖 𝑡 + 1 = 0

Notation:

𝜇Σ =෍

𝑖=1

𝑛

𝐸 𝑠𝑖 1

𝒒∥ 𝑡 =
𝟏

𝑛
෍

𝑖=1

𝑛

𝑞𝑖 𝑡 & 𝒒⊥ 𝑡 = 𝒒 𝑡 − 𝒒∥ 𝑡

Assumptions: For 𝑡 ≥ 0:

• 𝑎(𝑡) are i.i.d.
• 𝑠𝑖(1), 𝑠𝑖(2),… , 𝑠𝑖(𝑡) are i.i.d. for each 𝑖
• 𝑎(𝑘) and s1 k ,… , 𝑠𝑛(𝑘) are independent 

of each other and of 𝑞(𝑘) for all 𝑘 ≤ 𝑡
• 𝜖 = 𝜇Σ − 𝜆 > 0

State space collapse [4]:
Let 𝜇𝑚𝑖𝑛 = min

𝑖
𝐸 𝑠𝑖 1 and 𝛿 ∈ 0, 𝜇𝑚𝑖𝑛 and 

𝜖 ∈ 0, 𝜇𝑚𝑖𝑛 − 𝛿 𝑛 . Then, for each 
𝑟 = 1,2, … there exist a finite constant 𝑁𝑟 such 
that 𝐸 𝒒⊥

𝑟 ≤ 𝑁𝑟
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If the assumptions hold and for 𝑡 ≥ 0:
• There exists 𝐴𝑚𝑎𝑥 < ∞ such that 

𝑎 𝑡 ≤ 𝐴𝑚𝑎𝑥 with probability 1
• There exists 𝑆𝑚𝑎𝑥 < ∞ such that 

si(t) ≤ 𝑆𝑚𝑎𝑥 with probability 1 
for each 𝑖

Then, the steady state distribution of 
the scaled sum of queue lengths  
𝜖 ∗ 𝒒 1 in heavy traffic is:

Our proof: 
Part 1: For any real number 𝜃

𝐸 𝑒
𝜖𝜃 𝒒

+

1 =
1 − 𝐸 𝑒−𝜖𝜃 𝒖 1 + 𝑜 𝜖2

1 − 𝐸 𝑒−𝜖𝜃 σ𝑖(𝑠𝑖−𝑎𝑖)

𝐸 𝑒𝜖𝜃 𝒒+
1 − 1 𝑒𝜖𝜃 𝒖+

1 − 1

is 𝑜 𝜖2

& 𝐸 𝑒
𝜖𝜃 𝒒

+

1 = 𝐸 𝑒𝜖𝜃 𝒒 1

As 𝜖 → 0: 𝜖 ∗ 𝒒
∥ 1

∼ 𝐸𝑥𝑝𝑜
𝜎𝑎
2+σ𝑖=1

𝑛 𝜎𝑠𝑖
2

2

Part 2: For any real 
vector 𝜽
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Future work: 
Resource allocation problem

Input ports

Output ports

w.p. 1

… … …
…

…

Port 1… … … • Resource 
allocation?
MaxWeight

• Distribution of
queue lengths?
Future work

Port 2… … … Port 𝑛… … …

Server 1 Server 2 Server 𝑛


