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STOCHASTIC PROCESSING NETWORKS
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DATA CENTER NETWORKS
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DATA CENTER NETWORKS
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THE GRAND CHALLENGE

Are there low-complexity scheduling
algorithms that maintain small packet
delays, independent of the size of the

network? .

Yes —in heavy-traffic
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- Single server queue

« Other queueing systems
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HEAVY-TRAFFIC ANALYSIS

—_— .. ﬁ.ﬁ.,ﬂ.@_,«

» Load system close to maximum capacity

Arrival rate = Service rate

« "“Worst case scenario”

o — - RREEF)—

n<N
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SINGLE SERVER QUEUE MODEL

» Discrete time model

) . . . a(k) 'ﬂ‘ ‘ﬁ ﬁ @ s(k)
 q(k): # jobs in the system at the beginning of time slot k - , ' ) :
q(k)

A, 04 K, O

e a(k): # arrivalsin time slot k
- Mean 4 and variance ¢2
 s(k): offered service in time slot k

« Dynamics of the queue
« Mean y and variance g2 Y q

- Both are i.i.d. sequences, independent of each other q(k +1) = [q(k) + alk) —s(k)]*
= q(k) +a(k) —s(k) +

. Stability: A<u @ Unused service

q(k + Du(k) =0




HEAVY TRAFFIC — DRIFT METHOD tingman, 5621

« Load system close to its maximum capacity
eA=u—e€ wheree >0
« Limitase ! 0

» In steady state (k — o0):
Elq*(k + 1)] = E[q* (k)]

 Therefore,

o2 + o2

limEleq] = —

a(k)

M@@

2
A 0§

|
q(k)

 —
s(k)

2
U, O0g

qk +1) = [q(k) + a(k) — s(k)]*
= q(k) + ak) — s(k) + u(k)

<

qk + Du(k) =0




DRIFT METHOD eniimaz srikant 11

T’ 'H‘M‘

- In steady state, set E[V(q(k + 1))] = E[V(q(k))] A, 02

q(k)

m+1
‘ Can we do this more
efficiently?

E[e™q™

\
2+ g2 Oq T+ O
ml (Ja ';0'5 Eq = EXpO( a 2 S)




DRIFT METHOD eniimaz srikant 11

- In steady state, set E[V(q(k + 1))] = E[V(q(k))] i(g

Em+1qm+1 + ...

V(q): 1+ eq + e q q (m+1)'

Lﬂ $

Ll 1 _
1+ Eleq +2E . +EE[qum- ... = E[e€]

\) i

2
2 4 -2
o2 + o2 . 0a+05 m'<aa+05

> > eq = Expo (

o2 + o’
2




MOMENT GENERATING FUNCTION (MGF)

« Also known as Laplace transform

- Definition: MGF of r.v. X is f(68) = E[e?%|, where 6 € Ris a parameter

« The MGF completely determines the distribution of X

» Property:
d oX] — ox
dQE[e | =E[Xxe%*] =

2

d
WE[QGX] — E[XzeQX]

™ 60X 60X
— m
deE[e | = E[x™eb%]




DRIFT METHOD eniimaz srikant 11

- In steady state, set E[V(q(k + 1))] = E[V(q(k))] i(g

Em+1qm+1 + ...

V(q): 1+ eq + e q q (m+1)'

Lﬂ $

Ll 1 _
1+ Eleq +2E . +EE[qum- ... = E[e€]

\) i

2
2 4 -2
o2 + o2 . 0a+05 m'<aa+05

> > eq = Expo (

o2 + o’
2




MGF METHOD ... i

E=u—A7A

- In steady-state: E[e?€4k+D)] = plefea(®)] —— . A AR ®_>
a(k) s(k)
' W ol

A, o2 Y
« Key Lemma: q(k)

(eeeq(k+1) . 1)(6—96u(k) . 1) =0 q(k +1) = q(k) + ak) —s(k) + u(k)

 Rearranging terms @

E[efea] = 2l 7] q(k + Duk) =0

1_E[eee(a—s)]

MGF of expo. r.v.
2 2
with mean U“;ras €q = Expo

02 + ol
2




OTHER QUEUEING SYSTEMS?

- State Space Collapse (SSQ): In heavy-traffic, the queueing systems behaves as if it lived
in a lower dimensional state space

COMPLETE RESOURCE POOLING
(CRP)

Arrival rate ~ Service rate

Arrival rate < Service rate




OTHER QUEUEING SYSTEMS? (CONT.)

- State Space Collapse (SSQ): In heavy-traffic, the queueing systems behaves as if it lived
in a lower dimensional state space

Not with the Arrival rate =~ Service rate

drift method
with polynomial
test functions
Arrival rate < Service rate

Outputa Output2 ... Outputm

(— =)

. :/




INPUT QUEUED SWITCH

« Discrete time queueing system

Input porta

———> )
a1 (1) (1

: —>
« m input ports and m output ports a2 (k)

- Packets arrive to each input port with a

' |
predetermined output port nput port 2

> Iillill
° I I a1 (k) .
One queue for each input/output pair — P

az, (k)

« All packets are size 1

I [

« All input ports can be connected to all output Output port 1 Output port 2

ports l l

« Constraint: Process at most one packet from :
each input port and at most one at each 3§ Whichqueuesshouldwe
: - serve?
output port in each time slot




MAXWEIGHT ALGORITHM

Input port 1

« MaxWeight = Choose connection with

: . R
maximum weight ]
1]

a (k)

« Weight =Total queue length of the Input port 2
connection o )
—> I-II-II

az, (k)

]

- Output porta Output port 2




NEW VIEW OF THE DRIFT METHOD

« Simplest no-CRP queueing system
- 2x2 switch operating under MaxWeight

. /l 1i OF
« No arrivals to queue 2,2 11(;)1
. . a1
« Arrivals to other queues with mean 4; ; and G121 (k)

variance o2

LJ A1 022,1

Output 1 Output 2

_—)
—

a,(k)=0

- Stabil |ty \ a2 (k) 2,1 (k) 22 (k) Ey

o Arrival rate < Service rate
g 21,1 + /11,2 < 1 & /11,1 + /12’1 < 1

2-dimensional

 Heavy-traffic:e > 0 =No-CRP

e Arrival rate =~Service rate State Space CoIIapse [Maguluriet.al. 18]
° 21,1 =1—-1—€ & /11’2 =2‘2,1 =A
=>Al,1 +2‘1,2 =1—€ & 21’1 +AZ,1 =1-—¢€

X1,1 X1,2 _ +
X1 O +X1,1 = X12 T X21




NEW VIEW OF THE DRIFT METHOD

« SSC:
* q,: Projectionof gon X

Elllql2] ~ E [[lay]|"]

* 11 = Q12 T Q21

« Most general quadratic test function
_ 2 2
V(q) = a14j1,2 + @29i2,1 + X39)1,29)12,1

iy

V1(q) = g2
V2(q) = g5 4
V3(q@) = qy1,2q12,1

Output 1

Output 2

(—1—6;012’1
—_—

a1,1(k)

~

a,(k)=0

2,2 (k) Ey

X1,2
0

\

1X1,1 = X912 + x2,1}
J




NEW VIEW OF THE DRIFT METHOD (cont.)

- Setting E|V;(q(k + D)] = E|V;(q(k))] fori = 1,2,3: Output2 Output 2 <
(—A—e;afl— ;a? —

— 3
011+4012+021 ay (k) ————
' Q1,1(k)

N2, e—— S
cr + g2, + 407 —
11 1,2 21 w100 ] %—
K ' dz,1 ' 422(0)= 0 /

202 1

(3) hm €E[qr2 + q241] = + 2 lelff)‘ Elafuz1 + q31us 2]

3

OTHER LINEAR COMBINATIONS?
Theorem [Maguluri et.al. 18]:

: 2, 2 2
IEIH} €E[q11+ 12 + 421] = 3 (011 + 012+ 034)

[4 unknowns I] Need more
[

Proof: (1)+(2)+(3) and rearrange terms 3 equations equations g




CONCLUDING REMARKS

COMPLETE RESOURCE POOLING
(CRP)

- Queueing system behaves as single
server queue

« MGF method to obtain distribution of
€q in heavy-traffic

- It's all about handling unused service

qk + Du(k) =0

(eeeq(k+1) _ 1)(6—96u(k) _ 1) =0

CRP CONDITION NOT SATISFIED

» Queueing system does not behave as
single server queue

« Only first moment can be obtained
from drift method with polynomial
test functions

» Future work: Other moments and
distribution
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DRIFT METHOD

o Drift method [Eryilmaz, Srikant 13]:

eq = Expo (

o2 + o’
2




