Transform Method for
Markov-Modulated Queues

YEQT 2025 — November 3-5th, 2025



Waiting in Line




Waiting in Line

C’mon, do something

TAYLOR SWIFT

THE ERAS TOUR

Presented by

Sennariaet
CROWN [FRONTIER S =i S hid

GENERAL PUBLIC ON SALE
FOR MELBOURNE CONCERTS STARTS FRI 30 JUN, 2PM (AEST)

Your turn to purchase tickets is coming soon

Next update in 4 seconds



Waiting in Line

C’mon, do something

TAYLOR SWIFT

THE ERAS TOUR

Presented by

.
L0,

eptetete s
DX NS

A%

GENERAL PUBLIC ON SALE
FOR MELBOURNE CONCERTS STARTS FRI 30 JUN, 2PM (AEST)

Your turn to purchase tickets is coming soon

Next update in 4 seconds




Waiting in Line

C’mon, do something

TAYLOR SWIFT

THE ERAS TOUR

Presented by

.
... . ...
2hetelts
S XA Od

s

GENERAL PUBLIC ON SALE
FOR MELBOURNE CONCERTS STARTS FRI 30 JUN, 2PM (AEST)

Your turn to purchase tickets is coming soon

Line Sitter and Waiting
Services in Los Angeles

500k Reviews

Next update in 4 seconds

Queuing up for tickets or promos takes time and
energy. Hire someone to wait in line for you!

v Yes, line waiting services really exist—what a
world!

v Your professional line stander will stay in touch
as they wait in line to keep you updated.

B
-
Source: TaskRabbit website
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JSQ Model

* Load balancing under Join-the-Shortest-Queue (JSQ) q \®—>
* Exponential inter-arrival and service times — @ ‘5 \@—>

« Heterogeneous servers :
10—

 Arrival and service rate are

Countable state space
Stationary distribution exists

Aoy < 00and p .. < 00
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Transform Method for M/M/1 queue

Step 1: Drift of exponential test function
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Transform Method for M/M/1 queue
Step 1: Drift of exponential test function s < ) s
¢6’( q)p: eé’q, 0 & Rp Expo(Q) : Expo(u)

A
Load: p = —
Arrival Departure 12
Ap@) = "I = &) 4 il ) (M0 — %) = [ o] 0 = o
_ 04 (=0 _ 1 200 _ 0 _ 1) 041 Pelq) = L |e e q(H) =g
e’ \e U e ule e 1 —oy
= lig=0)
Step 2: Set drift to zero
Plg =0 _
- [6‘9‘1] — g =0l - [eé’q] _ L-p
1 — pe?

1 — pe?
< g ~ Geometric(l — p)
Step 3: Set @ = 0

Plg=0]=1-p
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Transform Method Markov-Mod JSQ
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Step 1: Drift of exponential test function q
S 1 it of e 10—
pl,q) =e , S
— q
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Step 1: Drift of exponential test function q \@7?
pl,q) =e = 5> 0 C

N @ : I.l Hi2

A i q) = (7 = 1) ™), — 0" (O o

_<€_S€ — 1) e—SGC]z( Z //tijl{q]:()}) el 0
J
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function q \@7?

,q) = e 5> 0 |
@,(i,q) = e § _/11> @ : I|<> -
A i q) = (7 = 1) ™), — 0" (O o

_<€_S€ — 1) e—S€Clz( Z //tijl{q]:()}) el 0
J

- 2 pyje "1, o) (SSC)
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function q \@7?
0.(i,q) = e, 5> 0 )
A i q) = (7€ = 1) e/, — yi ) (O o

_<€_S€ — 1) e—S€Clz( Z //tijl{q]:()}) el 0
J

- Z pyje "1, o) (SSC)

J
= D Hijl g0
j
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function g
step ;i of e O
s\¥9 - ’

A%(i, Q) = (€_S€ — 1) e_Sé”C]z()d, — Uy €S€>

_ SSC e:=1-p,
—(1—e* Zﬂu (g=0})
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function g \( >_>
p(i,q) =e % 5> 0 1 Hi
— s @

Agos(i, Q) = (€_S€ — 1) e_Sé”C]z(/l, — Uy €S€)

_ SSC e:=1-p,
—(1—e* Zﬂu (g=0})

W_J

| Z ”zjl{qj=0}] — Hz€ — ds | OT’
j l l
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function E( >_>ﬂ
Ps(l,q) = e, 5> 0 Not independent! S q \@—li
/11, . - ) Hio

E /’ti,n
A%(i, Q) = (€_S€ — 1) e_Sf?C]z(/l, — Uiy €S€) ( ) >

3 SSC e:=1-p,
—(1—e* Zﬂu (g=0})

W_J

: [ Z ”ijl{q,:m] — Hx€ 0 ] ©_>
j

How to compute E[A@ (i, q)]?
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function q \@?
o(i,q) = e, 5> 0 Not independent! ; 4 \@—li
| A, : - _ Hio

How to compute E[A@ (i, q)]? ' '

We use the Poisson E C Hin

Ap,(i,q) = (€7 = 1) ™™, — s ™) equation!
el 0
1 _ o€ Zﬂl] (= ()} SSC e:=1—-p,
W_J

: [ Z ”ijl{q,-=0}] — Hx€ 0 ] O_>
j

14
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Poisson Equation for Transform Method
/(1) ~

Poisson equation:
: Let {Z(7) }, be a CTMC with countable state space Z and transition rates a; ;
Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a

function Vi Z — R such that

. JO-f Qi
Vi) = =—=—=1 2, — Vi)

; a 3
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o
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Poisson Equation for Transform Method

) /(1) ~
Poisson equation:

Let {Z()}, be a CTMC with countable state space Z and transition rates , ;

Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a

function Vi Z — R such that

. f(l) _f ;i ./
Vi) = =—=—=1 2, — Vi)

)
I o) g e al . 2
l'#1

Theorem [HL, Grosof "25]: _ _
?. For any function f : Z — R such that V(i) exists and | Vf(i) \H" < C forsome n > 0,

Cov (e7%, fi0)) = E [ f()] ~ E [e7%] F'= (7 = DE[e™ V,(0) (4 — )] + O (e777)
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| Poisson equation:
Let {Z(7) }, be a CTMC with countable state space Z and transition rates a; ;

Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a
ifunction V1 Z° — R such that

o ==t 3 Ay

|
I ) /s al .
l'#1

Theorem [HL, Grosof "25]: _ _
?. For any function f : Z — R such that V(i) exists and | Vf(i) \H" < C forsome n > 0,

Cov (e7%, fi0)) = E [ f()]  E [e7%] F'= (7 = DE[e™ V(i) (4 — )] + O (e777)

Solution to

v Separate expectation of product | |
Poisson equation
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i Poisson equation:

Let {Z(1)}, be a CTMC with countable state space Z and transition rates o, ;
Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a

function Vi Z — R such that

. JO)=f Qjjr
Vi) = =—=—=1 2, — Vi)

04

4 J
le YR le ,
l Fl1 ¥
K
I’
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Theorem [HL, Grosof '25]:

;. For any function f : Z — R such that Vf(i) exists and

15

v Separate expectation of product

| V(@) '] < C for some n > 0,

Solution to Error term
Poisson equation

1

H

3
\‘\'
3
1+ )
&

Cov (e7*%, f(i)) = E e~ f(i)| — E [e™*%| f = (e™ — DE [e—% V(i) (4 — )| + O (62_
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Applying the Poisson Equation
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Applying the Poisson Equation

Set drift to zero: [E[e ™% (e*u,x — A,)] = €% use + O(e?)
H_/

= El[e™*%(pz — A)] + s¢

Poisson equation theorem on lhs with [f(i) = A(l) := p.x — 4. and (i) = £(1) := U5

m [8 —seqzluiz] 4+ 0(62)

LHS = E[e](1 + s)eus + (1 — e ) E[e ™™=V, () — 4)] + O (¢

1
2 1+n

Poisson equation theorem on rhs with (i) = k(1) := V,(D)(ux — 4.) :

e BV (D (s — A)] =

m [ e —seqz]

=[k(i)] + O(e)

)



Applying the Poisson Equation

Set drift to zero: E[e ™% (e uy — 1)] = €*¢ uye + O(e?)
H_/
= Ele*“®(u;z — 4)] + seEle*“%p;s] + O(e)

Poisson equation theorem on lhs with [f(i) = A(l) := p.x — 4. and (i) = £(1) := U5

LHS = E[e™*=](1 + s)eus + (1 — %) E[e LV, (D) (15 — 4)] + O(GZ_ﬁ)

Poisson equation theorem on rhs with (i) = k(1) := V,(D)(ux — 4.) :

E[e ™ BV (D (s — 4)] = Ele ™ =] E[k(1)] + O(e)

Then, put everything together. i
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Transform Method:

Qy(i,q) = e,
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i~ 7 (O o

'Theorem [HL, Grosof '25]:
1

el - ()
' 1+ (1 | [k(l)]>
1253

With k(i) = V,(D(is — A) and  h(i) = pu;x — A
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NS
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Step 1: State Space Collapse

—> 4y | < > >
A; Hix

l

v Only need 4. large enough so JSQ balances
gueue lengths for all 1

V' Queue can be unstable for some i

Step 2: Asymptotic distribution

Transform Method:
@ (i,q) = e, E[Ap i, q)] =0

+ Poisson Equation



Key Takeaways |hanks! Questions?

Step 1: State Space Collapse

—> 4y | < > >
A; Hix

l

GqN? EC Hi1 N

L,

v Only need 4. large enough so JSQ balances

. ueue lengths for all i
i~ o W2 A

LN v/ Queue can be unstable for some i
'Theorem [HL, Grosof '25]: S
: 1 . Step 2: Asymptotic distribution
eeoee] - o) |
? 1 + s (1 : [ k()] ) ‘ Transform Method:
Hs @,(i,q) = e, E[Agpy(i,q)] =0

with k() = V, (D) (s — 4) and  h(i) = gy — A
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