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Mean Field:
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# servers — o0
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# servers — 0
& Arrival rate & Service rate
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Load system to max capacity
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Beyond fixed parameters
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Literature (continued) i 11O

Asymptotic Regimes Markov Modulated Queues

Large Deviations: Glynn and Whitt (1994): Puhalskii * Burman, Smith (1986): Markov/M/1 queue in light and
(a.k.a. rare events) (1995); Duffield and O’Connell (1995); heavy traffic. Approximation of mean.
lim P( > ) Dupuis and Ellis (1995); Ganesh _ _
Ut (2004)... * Prabhu, Zhu (1989): Busy period and mean workload in a
e
Mean Field: 1): Markov/G/1 queue analysis

(a.k.a. many servers)

# servers — 00 ov/G/1 queue-length distribution in

m (2005): Single-server queue with

Many-Server Heavy-Tra _ :
Ice times

# Servers — oo (2022); HL, Maguluri (2022); Jhunjhunwala,
& Arrival rate &~ Service rate HL, Maguluri (2023)... o
. - Kingman (1962); Harrison (1998); Williams T Single queue with finite-state Markov modulation
cavy lramic. | (1998, 2000); Harrison and Lépez (1999);
Load system to max capacity | Stolyar (2004); Gamarnik and Zeevi (2006); _ _ _
< Arrival rate ~ Service rate (Ezrglzlgﬁazzogq? SHFLK:F; |(2(%1022)2 )H'-, Maguluri  Maguluri, Mou. (2024): Input-queued switch with Markov-
’ ’ A modulated arrivals

Constant arrival and service rates

Multiple queues, but constant service




JSQ Model

* Load balancing under Join-the-Shortest-Queue (JSQ) q \®—>
* Exponential inter-arrival and service times — @ ‘5 \@—>

« Heterogeneous servers :
10—

 Arrival and service rate are

Countable state space
Stationary distribution exists

Aoy < 00and p .. < 00



Asymptotic Distribution of Queue Lengths

Theorem [HL, Grosof '25]:
If A; > 0 is large enough for each i, then as € | O A 2 @ : Il @ Hi

. | i.n
Hx i ~ Markov chain

eq — Exp (I\/Iean =14 k*> dn \@?

~ Variance of arrival
and service times In
steady state




Proof Sketch
,O - eq~ " a1 (3 —

. l,
If A; > 0 is large enough for each i, thenas € | 0
i —> 1 \( : —>
;: ﬁl : ] //tl,z
( ke { ~ Variance of arrival : :
eq — Exp | Mean = | + — § and service times in

Us { steady state I ~ TT q, \@—)

Hin

s

- Step 1: State Space Collapse (SSC) Step 2: Asymptotic distribution

€qs ~ !

| g~ (qz> 1, so study the following single-server queue:

(s = Total queue
length U;» = Total service |
rate in state 1 |

| We use:
~® Transform Method
' @ Poisson Equation
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Proof: Drift analysis

q1 =

State Space Collapse (SSC)

1q, := projection of ¢
4. =44
{If 4, > O is large enot

on 1 [
i 9>
| — s @

gh for each 1, for each m € N, :

0] <, - 7 10—

Smaller ¢
4> 4

91 = 49>

q.
— q; | —
q~ q, 4, 29 2 Hij
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Proposmon [HL Grosof 25]

1q, ‘= projection of g on 1
‘q_ =q—gq,

If 4; > (O is large enough for each i, foreachm € N, |
" = [llg, "] < M,

What is /; large enough?

Ai > pis — nomin ji,

J

v For homogeneous
servers, 4; > 0 is enough

v' “Enough” depends on
heterogeneity of servers

V' Arrivals need to cover
range of service rates

When does JSQ balance v JSQ only balances g with

the queue lengths?

enough arrivals

State Space Collapse (SSC)

el() e =1 —
SSC P



Proof Sketch
, - eq~ " a1 (3 —

L,
If A; > 0 is large enough for each i, thenas € | 0 |

z —> D \( : —>
\': /11' - ﬂi,z

( k¥ { ~ Variance of arrival : :

€eq —> Exp | Mean = 1 + — § and service times in ]
Us | steady state [ ~ TT q, @_>
| I (O

' Step 1: State Space Collapse (SSC) - Step 2: Asymptotic distribution
| |

€qs ~ !

| g = (qz> 1, so study the following single-server queue:

(s = Total queue
length U;» = Total service |
rate in state 1 |

- We use:
~® Transform Method
' @ Poisson Equation
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Heavy-[raffic Analysis In the Literature

| Diffusion Limits Approach |

, * Most popular

 Introduced by Kingman (1962)

- Show convergence in distribution
of queue length scaled heavy-
traffic parameter 1 — p

g () ——= 5 €q'(c0)
el Ol el Ol Interchange

of limits
[ — o0

q(1) > qF
RBM

Direct Methods

Stein’s method
Bound Wasserstein distance between €g“)(c0) and g*

Drift Method
Inductively compute [ [(eq)k] fork € N

BAR approach
Analyze ¢€9®) and bound jumps appropriately

Transform Methods
Analyze drift of €4'”(®) and directly compute E [eeq (6)(“’)]

v Tractable analysis
v/ Compute distribution

i V' Obtain tail bounds
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Transform Method for M/M/1 queue
Step 1: Drift of exponential test function s < ) s
¢6’( q)p: eé’q, 0 & Rp Expo(Q) : Expo(u)

A
Load: p = —
Arrival Departure 12
Ap@) = "I = &) 4 il ) (M0 — %) = [ o] 0 = o
_ 04 (=0 _ 1 200 _ 0 _ 1) 041 Pelq) = L |e e q(H) =g
e’ \e U e ule e 1 —oy
= lig=0)
Step 2: Set drift to zero
Plg =0 _
- [6‘9‘1] — g =0l - [eé’q] _ L-p
1 — pe?

1 — pe?
< g ~ Geometric(l — p)
Step 3: Set @ = 0

Plg=0]=1-p



I ~TT

Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function q \@7?
0.(i,q) = e, 5> 0 )
A i q) = (7€ = 1) e/, — yi ) (O o

_<€_S€ — 1) e—S€Clz( Z //tijl{q]:()}) el 0
J

- Z pyje "1, o) (SSC)

J
= D Hijl g0
j
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function E( >_>/4
i1
y(i,q) = e, 5> 0 Not | (2)—
s ot independent!
p | T @ : Z //ti,z
How to compute E[A@ (i, q)]? ' '

We use the Poisson E C Hin

Ap,(i,q) ~ (€7 = 1) ™™~y e) equation!
el 0
1 _ o€ Zﬂl] (= ()} SSC e:=1—-p,
W_J

: [ Z ”ijl{q,-=0}] — Hx€ 0 ] O_>
j
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Poisson Equation

/ Poisson equation:

: Let {Z(7) }, be a CTMC with countable state space Z and transition rates a; ;
Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a
function Vi Z — R such that

. JO)=f Qjjr
Vi) = =—=—=1 2, — Vi)

04

L4 4
I o) g e l- ‘
l F1 ¥
R
I’
ok
.o/i8
o SRR o Ao B Lo g R T o ) S Nop B Lo _p-aaa PR B S P B A A LAt I WO s e A Lo oo sna ST RIS Al gt S B Lo _pos2a T B L P g A s L O = 2 R
a - _ _ o~ VW - g _ o~ BN . = Za - ~_ - ~ a -

= ) @ Vi) = Vi) f - £
11 —
W_/ Difference between

Drift of solution V(i) average and f(i)
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Poisson Equation for Transform Method
/(1) ~

i Poisson equation:

Let {Z(1)}, be a CTMC with countable state space Z and transition rates o, ;
Consider a function f: Z — R and let f = E[f(Z)]. Then, there exists a

function Vi Z — R such that

. JO)=f Qjjr
Vi) = =—=—=1 2, — Vi)

04

4 J
le YR le ,
l Fl1 ¥
K
I’
=2 BT ) S Az (o Lin _p-sma BT RS <2 WO ST03 A fo g _pe SR PRI B WL P B AR T o RIS < Wl v Lo faaa R T ) ST . C Lig _paBay SE S O s A e e R T o ) &) = 2 R
. - o _ o~ By " - o _ NS . . ety - ~_ - ~_ \ -

Theorem [HL, Grosof '25]:

;. For any function f : Z — R such that Vf(i) exists and

3 v Product of expectations

| V(@) '] < C for some n > 0,

Solution to Error term
Poisson equation

1

H

3
\‘\'
3
1+ )
&

Cov (e7*%, f(i)) = E e~ f(i)| — E [e™*%| f = (e™ — DE [e—% V(i) (4 — )| + O (62_
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Transform Method Markov-Mod JSQ

Step 1: Drift of exponential test function E @7’
i1
A(Ps(i, q) ~ (e—SG - 1) e—SGQZ(/Ii — IMiZ 656) _,1> @ : Z C /“ti,2

~(1=e) (X im0 " -

Step 2: Expectation under steady state

el 0
SSC e=1-p

ey )] = e E[ Tt o] + 0D
W_/ J
— — & J()—

Step 3: Our theorem! |
— Uy € His



Applying the Poisson Equation

Set drift to zero: E[e ™% (e uy — 1)] = €*¢ uye + O(e?)
H_/
= Ele*“®(u;z — 4)] + seEle*“%p;s] + O(e)

Poisson equation theorem on lhs with [f(i) = A(l) := p.x — 4. and (i) = £(1) := U5

LHS = E[e™*=](1 + s)eus + (1 — %) E[e LV, (D) (15 — 4)] + O(GZ_ﬁ)

Poisson equation theorem on rhs with (i) = k(1) := V,(D)(ux — 4.) :

E[e ™ BV (D (s — 4)] = Ele ™ =] E[k(1)] + O(e)

Then, put everything together. i



Key Takeaways |hanks! Questions?

Step 1: State Space Collapse

—> 4y | < > >
A; Hix

l

GqN? EC Hi1 N

L,

v Only need 4. large enough so JSQ balances

. ueue lengths for all i
i~ o W2 A

LN v/ Queue can be unstable for some i
'Theorem [HL, Grosof '25]: S
: 1 . Step 2: Asymptotic distribution
eeoee] - o) |
? 1 + s (1 : [ k()] ) ‘ Transform Method:
Hs @,(i,q) = e, E[Agpy(i,q)] =0

with k() = V, (D) (s — 4) and  h(i) = gy — A
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