Queue Length Behavior in Load Balancing
Systems Under Power-of-d Choices:

Many-Server Heavy-Trathc Regime
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Load Balancing in Data Centers
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Load Balancing System

* Discrete time model

- N servers with an infinite buffer I---'ql(l;)----l

- g.(k) = # jobs in queue i in time slot k 51(k)
| -= gy (k)-=-4

k

Arrivals: . 5, (k)
a(k) == q3(k)---4

. a(k) = arrivals in time slot k T o0
° {d(k) Lk € Z+} Is a sequence of i.i.d. random variables --'q4(l;)---4

$4(k)

- Upon arrival, jobs are routed to the queues

Service:
- 5.(k) = potential service in queue i in time slot k

. {Si(k) Lk E Z+} is a sequence of i.i.d. random variables

» Service process to different queues are independent of
each other




Power-of-d Choices

Algorithm: Given an integerd € [1,N], in each
time slot:

1. Select d servers uniformly at random

2.Route arrivals to the shortest queue among
those d

Observations:
. Also known as JSQ(d)

.If d = N, it is exactly JSQ

-Ifd = 1, itis random routing

Example: d = 2

& @

-y (k) -- -4
L
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- g3(K)--- 1
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L

s1(k)

$,(k)

$5(k)

$4(k)




Throughput Optimality

Capacity Region of the Load Balancing System:

==y (K)---

E [s,(0)] =

T=4A€R, : A< ) p
,. -~ gy (k)-- - 4

E [SQ(k)] )

—
E Ja(t)] = 2 - q3(K)-=-4
e : 1 B
Definition: Throughput optimal E [53(0)] = 3
- qy(k)-- -4
A routing algorithm & is throughput optimal, if B

the load balancing system operating under & is E |s,(0)] = p4

stable for all A € Int(€)

Example:

_, What happens if ‘:
¥ i theserversare |

- JSQ is throughput optimal

- Power-of-d is throughput optima [ II servers are equl




Power-of-d When Servers are Different

b--y (k)-- -+
E [s:(0)] = py
- gy (K) -1
. E [s,(0)] = 5
E Ja(t)] = 2 - q3(K)-=-4
i E [s3(0)] = p3
- (k)<=
. . . th _ E [s4(k)| =
Majorization: Let x; be the i~ smallest ) !

component of x € R”. Then, the notation

xNS y means that

N
Y xp< D v Vi€

=] =]




Power-of-d When Servers are Different

ey {le)a =
: E [s:(0)] = py
Interpretation: G>(k) - =1
- Faster servers should be sampled sufficiently often | E [5,(k)| = py
. E |a(k)| = 2 q3(k)-- -
- Power-of-d samples uniformly at random, so we T
characterize the amount of imbalance that power-of- E s3] = ps
d can tolerate Ggu(k) -+
.
. Fix N. As d gets larger, we can tolerate more E [s40)] =
imbalance.
If d = 1 (random routing), then RHS = S
. . N Theorem: Power-of-d is throughput optimal if and only if
In this case, 1; = 1, Vi # ] is the only way to satisfy ’ (]>
the inequalities i1 M > 4 Vd<j<N-—1
N
Afd = N (JSQ), then RHS = 0 = (d

In this case, all vectors u satisfy the inequalities




Heavy-Trafhic Behavior

ben gy (K)- -1

E |s,(0)] =
- =gy (k)---

E [Sz(k)] = 2
- q3(K)---

- (k) -~ -+

E [s5(0)| = p3

E [54(k)] = Hy




Many-Server Heavy-Traflic Regime

b-- gy (K)---1

a, (k)

Service process: be-qy(k)-- -
- All servers are equal and independent of each other
e e gy(k)---
-E [s(1)| = 1 and Var [s(1)| = o E [a®)] = N(1 = N9 : %“ :
Arrival process:
F-=- gyn(k)---4
* Consider a > 0 N

- E [a(l)] = N(1 — N~%) and Var [a(l)] = No;

* Arrivals “per server” have mean 1 — N~ and variance ag

Literature:

* Plenty of literature fora < 1

*a = 1/2 : Halfin-Whitt regime

a = 1 : Nondegenerate slowdown (NDS)

E [s,(k)] =1
E [s,(k)| = 1
E [s3(k)| = 1
E [sy(b)| =1




Many-Server Heavy-Traffic Regime

F--q(k)---4

Routing algorithm a; (k)

E [s,(k)] =1
* Power-of-d choices i k== qy(k)- - -
A'
d = c¢cN”, where ¢, # > 0 are constants — N E [s,(k)] =1
F-- -- -4
E [a(k)] = N(1 = N~%) =
: i E [s3(k)| =1
Theorem: [HL, Maguluri 2020] “ 3
In steady-state, and if « + f/ > 11/2, we have Same asymptotic behavior as s
N lassical heavy traffic!
2 - vy E [sy(k)] = 1
N‘“Z q; = Expo as N —» oo [sv(®)]
- o; + 05 - o
Proof sketch:

Corollary: [HL, Maguluri 2020] ~“ |
1. Multiplicative state space collapse |

Load balancing in continuous time, operating

under JSQ. Then, if « > 9/2 we have 2. Convergence in distribution
» ¥ o) - Option 1: MGF method
N 2 q: = Expo 2 2 | N = o « Option 2: Stein’s method
o, + O;

=1




Main Takeaways

F--q(k)---4
Power-of-d Choices with Heterogeneous Servers: B E [ (0]
1
, -- (k) ---4
- How much imbalance can JSQ(d) tolerate?
—_— E [Sz(k)]
* Result: E |a(k)| cugp((B)acce
- Sample fast servers frequently i E [s5(k)]
» Service rate vector majorized by probability of
sampling slow servers ’
. .. : : L == ()~ -4
- Similar conditions to obtain heavy-traffic optimality -
E [sy(0)]

Many-Server Heavy-Traffic Regime:

- Conditions on a to observe classical heavy-traffic
behavior?

*Result: If d = ¢cN” and a + > 11/2, then we observe
heavy-traffic behavior

JSQ: =1 = a>9/2




Queue Length Behavior in Load Balancing
Systems Under Power-of-d Choices:
Many-Server Heavy-Traffic Regime




Load Balancing System — JSQ Routing

JSQ:

D
D
T10) e
D

- Join the shortest queue

- All arrivals are routed to the shortest queue 1

a(k)

Classical Heavy-Traffic Regime:

cLety; = E [s(1)], and s = X p;

- Arrival rate: [ [a(l)] = s — ¢, where € € (0,uyx)

* Take the limitas e | 0




Load Balancing System — JSQ Routing (cont.)

Theorem: [Eryilmaz and Srikant 2012]

In steady-state,

N 2 2
-+ :
E qu‘ Oq Zasz iSO(l),

2 €
f=1 €

¢ d
O E [51(k)] = K
@ E [Sz(k)] L)

where 0'3 = Var [a(l)] and O'SZi = Var [si(l)]

>
11Oz

¢ -
O E [54(k)] = Hy

SI

Rate of convergence
to heavy-traffic

€

But... Whatis o ( ! )?



Proof Outline

[Eryilmaz and Srikant 2012]

o

Set to zero the drift of the following test function:

V() = ( Z %’)2

— E[VqW)] =E[Vge+1)]

= 2k [Zq,-(k)] = (a(l)— Zs,.u))z_ | 5.0V




Proof Outline (cont.)

E [(Zqi(k+ 1)) (Zuﬂc))] — 99

State Space Collapse: All queues are equal in heavy traffic

_12% .
q, = T’ql_q_q"

. : E [s,(k)] = p,
: E [s,(0)] =
L : E [s3(0)] = p3

Eryilmaz and Srikant 2012: [ [llqlll’"] < C(r) I® E [5,00] = 4

— [E[( Y ak+D) (X uw)|| =N|E[@uk+D.uw)]
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JSQ in Many-Server Heavy-Traffic Regime

Service process:

I@ s1(k) >
@ $5(k) ’
T10) e

- All servers are equal

+ E [s(1)| = 1and Var |s(1)| = o7

a(k)

Arrival process:

+ E |a(1)| = N1 = N™) and Var |a(1)| = No;

* Arrivals “per server” have mean 1 — N~ % and variance 0'3 I@ sv(k) g
N




What is wrong with JSQ?

I @ s1(k)

- SSC: All queues are equal
—> Behavior is similar to a single server queue

I @ 55(k)

- JSQ routes all arrivals to the same queue a(k)

I I @ $3(k)

—> Causes “imbalance” in each time slot

I @ 54 (k)

Alternative: Water-filling

I @ s1(k)

- Send each of the arrivals to the shortest queue

I @ $5(k)

>

a(k)

- “Helps” to keep all queues equal in each time
slot

I I @ $3(k)

Conjecture: Load balancing system I@ 5400)
operating under water-filling behaves
as in classical heavy-traffic for a > 2




Load Balancing System in Continuous Time

Same as before
10 :

Expo(1)
. IV identical servers with an infinite buffer

>
@ Expo(1)
I I @ Expo(1)

» Single stream of arrivals

>

Pois(AN)

. q;(1): #jobs in queue i at time ¢

What changes?

>
I @ Expo(1l)

« No more time slots! Time is continuous now!

. Service: Each job takes an Expo(1) time to be processed

. Arrivals: Poisson process with rate AN




Power-of-d Choices in Many-Server Heavy-Traffic

>
I @ Expo(1l)
>
@ Expo(1l)
I I @ Expo(1)

>

Pois(AN)

N

>
I @ Expo(1)

Corollary: [HL, Maguluri 2020]

Load balancing in continuous time, operating under
JSQ. Then, if « > 2 we have

N
N‘“Z q; = Expo(l) as N =
i=1

Proof: ¢ = 1 and f# = 1 in the theorem.




Proof Outline: Computing N “E [ D q,-]

1O
Step 1: State Space Collapse Expo(1)
q; . @ Expo(1l)
Recall gy = 1—="—and ¢, = ¢ — g Pois(iN)

I I @ Expo(1)

>
I @ Expo(1)

\ This bound is sufficient to show that the

terms associated to g, are negligible.




Proof Outline: Computing N[t [ D %] (cont.)

¢ >
Step 2: Set to zero the drift of V(¢g) = (X qi)2 O Expo(1)

>
@ Expo(1)

‘Note: Continuous time analysis

|
V

| —> Drift defined in terms of the generator of the CTMC

Av(q)=,1N<<Zqi+1> (X4) > .

E |AV(g)| =0

— NE| Y q|=1-N" :

'~ (Zqi)<21{qi=0}> ﬁ

>

Pois(AN)

I I @ Expo(1)

I @ Expo(1)

Theorem: Let d = ¢N”, where ¢ > 0
and £ > 0, and suppose
A=1-N"%lfa+ p > 3, then

N
N~ ;= Expo(l) asN — oo
=1

Need to show: — ()




Proof Outline: Computing N “E [ D q,-]

' ' 1C »
e (Zi',qi>(2i’,1{qi=0}> =77 O

\ @ Expo(1) ;
II@ Expo(1) »

>

~ unused service in discrete time Pois(AN)

Observe: (Z%) (Z 1{g; = 0}) = Z 1{g; = 0}q,;

= el(z)(zem)

I @ Expo(1)

Y & Setto zero the drift of V'(q) = 2 q;
(a1 - %)
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