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Join-the-Shortest Queue (JSQ)

SERVICE
O " 1
O " 1
ARRIVALS
> O >
Poisson
Process n O

O——1

— SIZE n

QUEUE Ui

Exponentially
Distributed

Throughput Optimality:

Stable: 1, <n

Algorithm Optimality:

Join-the-Shortest Queue (JSQ)
maximizes the number of
customers served

[Winston 1977]
[Weber 1978]



Join-the-Shortest Queue (JSQ)
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Analysis Questions

1. How does the system behave w.r.t. SIZE?

Size=n

2. How does the system behave w.r.t. LOAD?

Load=p='1—7::1

3. How system’s SERVICE LEVEL change?
P(Queue > x)



Asymptotic Analysis
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Non-Asymptotic Analysis
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Join-the-Shortest Queue (JSQ) Parametrization
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Main Contribution: Informal

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime, with large n

Exp(—0,,x) < P(Scaled Queue > x) < [1 + 5(711_“)] 2ex Exp(—0,,x)
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Main Contribution: Informal

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime, with large n

Exp(—0,,x) < P(Scaled Queue > x) < [1 + 5(111_“)] 2ex Exp(—0,,x)

1 T Large Deviation:
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Many-Servers

THEOREM: Non-Asymptotic Tail Bound puimz23;

11—«

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—60,,x) < P(Scaled Queue > x) < [1 + 5(711_“)] 2ex Exp(—6,,x)
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Lower Bound

THEOREM: Non-Asymptotic Tail Bound puimz23;

1-«a

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < P(Scaled Queue > x) < [1 + 5(111_“)] 2ex Exp(—6,,x)

Pool all servers together Lower bound:
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Tail decay rate for SSQ: 6,, = n* log ] —
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State Space Collapse

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—60,x) < Pn™%q>x) < [1 + 5(n1_“)] 2ex Exp(—6,x)

State Space
Collapse Violation
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State Space Collapse

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

JSQ withn = 2

O
O
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State Space Collapse

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

JSQ withn = 2

Ol -
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State Space Collapse

THEOREM: Non-Asymptotic Tail Bound puimz23;

_ 11—«

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

JSQ withn = 2 [Eryilmaz and Srikant 2012]

O
O

0(1)
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State Space Collapse

JSQ withn = 2 [Eryilmaz and Srikant 2012]

O
O

0(1)

JSQ with n ]arge [Jhunjhunwala, HL and Maguluri 2023] O (1)

OLERIONON®.

Improvement: Previously O(n) [Hurtado-Lange and Maguluri 2020]
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State Space Collapse

JSQ in super slowdown regime [1,,= n — n'™%, a > 1], with large n [n'~% log n is small]

MGF(QSSQ) < MGF(Q]SQ) < [1 + Knl_“ log Tl] MGF(QSSQ)

]SQ with n ]arge [Jhunjhunwala, HL and Maguluri 2023] O (1)

O

O
Q
O
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Transform Method

n~% qsq=n"“ (qssq+ 0(n))

Transform Method

JSQ in super slowdown regime [1,,= n — n'™%, a > 1], with large n [n'~% log n is small]

MGF(QSSQ) < MGF(QISQ) <[1+ Kn'"%*logn] MGF(Qssq)
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Transform Method

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

JSQ in super slowdown regime [1,,= n — n'™%, a > 1], with large n [n'~% log n is small]

MGF(QSSQ) < MGF(QJSQ) <[1+ Kn'"%*logn] MGF(Qssq)
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Transform Method

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

v v
Pre-exponent Pre-limit tail
term

[Markov’'s Inequality]

P(n %qg >x) <[1+Kn'"%logn] inf e %* MGF(Qssq)

0 € (0,6,)
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Main Contribution: Formal

THEOREM: Non-Asymptotic Tail Bound puimz23;

JSQ in super slowdown regime [1,=n — n'~%, a > 1], with large n [n1~% logn is small]

Exp(—0,x) < Pn % >x)< [1+Kn'"%logn] 2ex Exp(—0,x)

Non-Asymptotic Non-Asymptotic Rate of Convergence of

Many Server-HT : Large Deviation : Tail Decay

— o _nl-a ) . 1
A,=n—n"% a>1] : Pre-Exponent Terms : 6, = nlog

1-a - : 1- 1=n¢
n -~ %logn is small : [1+ Kn'~%logn]| 2ex
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SUMMARY

Thanks!

JSQ: Many-Server —

An
_ O
Many-Server-HT: 1,=n—n!'"% a>1
Regime
Asymptotic: n » o Non-Asymptotic: n is large
SSC 1-dim SSC Violation: [1 + O(n'~%logn)]
Transform Eq. Explicit Linear Eq. MGF Bound

Limiting
Distribution

-

Exponential

Non-Asymptotic Tail
Bounds and Large

Deviation
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